
1 Fourier Transform Properties

Definition of a Fourier transform:

F(w(t)) = W (f) =
∫ ∞

−∞
w(t)e−j2πftdt (1)

1.1 Linearity:

a1w1(t) + a2w2(t)
FT↔ a1W1(f) + a2W2(f))

F(a1w1(t) + a2w2(t)) =
∫ ∞

−∞
(a1w1(t) + a2w2(t))e−j2πftdt

=
∫ ∞

−∞
(a1w1(t))e−j2πftdt + (a2w2(t))e−j2πftdt

= a1

∫ ∞

−∞
w1(t)e−j2πftdt + a2

∫ ∞

−∞
w2(t)e−j2πftdt

= a1W1(f) + a2W2(f)) (2)

1.2 Time Delay:

w(t− Td)
FT↔ W (f)e−j2πfTd(whereω = 2πf)

F(w(t− Td)) =
∫ ∞

−∞
w(t− Td)e−j2πftdt (3)

Let x = t− Td ⇒ t = x + Td, dx = dt
lowerlimit : t = −∞⇒ x = −∞

upperlimit : t =∞⇒ x =∞

F(w(t− Td)) =
∫ ∞

−∞
w(x)e−j2πf(x+Td)dx

=
∫ ∞

−∞
w(x)e−j2πfxe−j2πfTddx

= e−j2πfTd

∫ ∞

−∞
w(x)e−j2πfxdx

= e−j2πfTdW (f) (4)

1.3 Scale Change:

w(at) FT↔ 1
|a|

W (
f

a
)

F(w(at)) =
∫ ∞

−∞
w(at)e−j2πftdt (5)
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Let x = at, t = x
a , dx = dt

a

If a > 0

lowerlimit : t = −∞⇒ x = −∞
upperlimit : t =∞⇒ x =∞

F(w(at)) =
∫ ∞

−∞
w(x)e−j2πf x

a
dx

a

=
1
a

∫ ∞

−∞
w(x)e−j2π f

a xdx

=
1
a
W (

f

a
) (6)

If a < 0

lowerlimit : t = −∞⇒ x =∞
upperlimit : t =∞⇒ x = −∞

F(w(at)) =
∫ −∞

∞
w(x)e−j2πf x

a
dx

a

= −
∫ ∞

−∞
w(x)e−j2π f

a x dx

a

= −1
a

∫ ∞

−∞
w(x)e−j2π f

a xdx

= −1
a
W (

f

a
) (7)

By combining the above two equations we get,

w(at) FT↔ 1
|a|

W (
f

a
)

1.4 Conjugation:

w∗(t) FT↔ W ∗(−f)

F(w∗(t)) =
∫ ∞

−∞
w∗(t)e−j2πftdt (8)

By the taking the conjugate of the equation twice, we get the following

F(w∗(t)) = ((
∫ ∞

−∞
w∗(t)e−j2πftdt)∗)∗ (9)

By conjuagating the equation once, we get.
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= (
∫ ∞

−∞
(w∗(t))∗(e−j2πft)∗dt)∗

= (
∫ ∞

−∞
w(t)(ej2πft)dt)∗

= (
∫ ∞

−∞
w(t)(e−j2π(−f)t)dt)∗

= W ∗(−f) (10)
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