ELE 457 Feedback Control System:
System Modeling

Fall 2009



Review of Last Lecture

System Modeling: Differential Equation
Complex variable and S-plane
Laplace Transform

Theorem of Laplace Transform



Theorem of Laplace Transform

* Linear

L[ 1, (D] = F.(s);

L[1,(0)]=F,(s)

_[af, (t) + bf, (t)] = aF,(s) + bF,(s)
« Scale

L[ f (at)] = % )



Theorem of Laplace Transform

» Frequency shift

L[e 3 f (t)]= F(s +a)

» Shifting

L[ (t—to)u(t—tg)] =& °F(s)

Give L[e']=——, L[e"u(t—3)]2 L[e**]=7
s+1

what about L[e " 12L[e " u(t+3)]?



Theorem of Laplace Transform

 |Integral

F (S)

L[j f(r)dz] =

 Convolution

L ROR6)]=] ft-7)f,(r)dr

Time-domain convolution becomes the frequency-domain multiplication!!!



Theorem of Laplace Transform

 Derivative

df (t) _ SF (S) _ f (O_) If signals f(t) is

t discontinuous at t=0

L[— —

Time-domain differentiation becomes multiplication
by frequency variable s!!!



 Nth-order Derivative

d"f ()
dt"

L] ]=s"F(s)—s"*f(07)—s"*f (0)...— f"2(0)

When finding transfer function, zero initial condition must
be assumed.

« If the initial value is considered, the initial value can be
considered as a impulse input.



Inverse Laplace Transform

 General rational function

N(s) bps™ +bp_gs™ ™ +...+bys+bg

D(s)  s"+a, s" 4. +as+ag

F(s)=

How to obtain the inverse Laplace transform from F(s)?

Laplacs
Transform

CDE | Algebra Problems

! Difficult Easy ﬂ
Solution of ODE < | Solution

Inverse
Transform




Inverse LT: Example 1

12s+45 9(s+5)+3s 9 3

F(s)=—

S°+b5s S(S+5) S S+5
f(1)=9+3e>,t>0
or f(t)=[9+3e>]u(t)



Inverse Laplace Transform

 General rational function

CN(S)  bps™+bp_gs™ 4.+ bys + by

D(s)  s"ta, s" 4. +as+ag

F(s)

m<n

If D(s) does not have repeated roots
partial fraction expansion

n

F(s) = nN(S) __K + K, Foot
H(S_pi) (S_pl) (S_pz) (S_pn)

From Residual Theorent™

i~ (S_ pJ)F(S) S=p;
F(t) = ke +k e’ +..+k e




Inverse Laplace Transform

If D(s) have repeated roots

F(s) N(s)  Kp Kp2 Kpr L Ke

= E + T
(s-p)'(s—c) (=P (s—p)* (s—p)" s-C

1 dr—i
P (r—i)! dgT

[(s—P) FS)s-p



Example: Inverse LT

2S+3

3

F(s) = .
SY 4+2S° +S

F(s):§+ =3 _12
s s+1 (s+1)

f(t)=3-3e" —te™ t >0
or f(t)=[3-3e" —teu(t)




Example: Inverse LT

2S+1
s’ +25+10

F(S) =

Hint:

0

-l .
e sim(owr) = -
(s+a) +o

§Td

-l .
e coslmr)

R 2
(s+a) +®



How to describe a system
mathematically?

Kirchhoff’s law:

G

R1 T
@ ff‘l éﬂ Vout
— [ ] l

R2

di(t)

Vin(t) = (R1+R2)I(t) + L——= ~

di(t)

t)=L—=
Vout (1) = ”



Transfer Function

Vin(t) = (RL+R2)i(t) + L OI;l(tt)
Vout () =L d:j(tt)
LT: Vin(s) = (R1+R2)1(S) + LSI ()
Vout (S) = LSI(s)
TF: = Vout (8) _ LS

Vin(s)  (R1+R2+LS)

A transfer function can be written only for the case in which the system model is a
linear time-invariant differential equation and the system initial condition are
ignored.



Mechanical Modeling
Mechanical System: Skeletal Muscle

Nuclei

Bundile of
muscle fibers

Single muscle fiber
(cell)

Myoiibril\ =
7 Lght park

»{\ band band Z line

Thick filaments
{myosin)

Thin filaments
(actin)
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—
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Viscoelastic Theory

 Generalize materials
* Deformation properties

* With types of elements:
— Linear elastic elements = springs
— Viscous elements = dashpots



Combinations of Elements #1
Maxwell Model

BX, () = kx, (t) = F (t)
X, (t) + X, (t) = x(t)



Combinations of Elements

B

v




Hill's Muscle Model

Active 4- element

_@_.

Z Kse
B —\W——T

W

Kpe

CE: Contractile element
SE: Elastic element

PE: Passive element

B: Fluid caused damping
Exertion Force: T-output

Kevin’'s model

K Passive 3-Element
PE

Kse T
—AM—
Bs
Simplified
Ty active model
7\
" Kse ;
—A\W——
Bs |



Hill's Model

Kse

B — W\
Wy .
Kok 1 X2

v

x1+x2:x:> X1+X2

] T=K._ X=X, =

Tee =T +(Bs+ky ) (X = X,)
T, =T +(Bs+ko)(X ———)
kSE

T.. =(Bs+k, )X —(1+ Bsk+ Kee y7

SE

=X
T

SE"27 72 Tk
T =Tog —Bi —KppX = Tep =T +(Bs+kpp)X,



Hill's Model

T.. =(Bs+k, )X — (L4 BS + Kee gy

SE

 Discussion

(1) Isometric muscle contraction: X=0

(2) Stress relaxation in muscle: Tce=0; Passively
stretch muscle

(3) Creep in muscles: Tce=0; Adding a constant passive
muscle external force

(4) Isotonic muscle contraction: T is a constant.



Improved Hill's Model

Zajac 1986

PEMMATE

Multipamnate




Nonlinear differential equations

d*o) = Mg sin 6(t)

dt* ﬂ
400 " st

ML

ML

dt*

http://en.wikipedia.org/wiki/Nonlinearity



Block Diagram

* E(s): Laplace transform of input variable
» C(s): Laplace transform of output variable
* 5(s): System transfer function



Block Diagram

* The transfer function relationship
C(s)=G(s)E(s) can be graphically denoted
through a block diagram

(o )
foer:ir?;ction E(s) G1(s) G2(s) C(s)

C(s) = G1(s)G2(s)E(s)



Block Diagram

C(8) =G, (S)E,(8) +G,(8)E,(S) — G4(8) Es(S)

parallel connection

El(S) > Gl(S) l

E5(s) o Gy(5) +<ﬁ— C(s)
E3(S) Gg(S)




Block Diagram: Eliminating Variables

o G(s) > i - C(s)

C(s) = E(3)G(s) R(s)———]| T(s) —— C(s)
C(s)

E(s) = @ =R(s)—H(s)C(s)

_C(s) _  G(s)
CR(s) 1+G(s)H(s)

T(s)




