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Sufficiency, Classification, and the Class-Specific Feature an exponential pdf or a log-normal pdf [1]. The univariate exponential
Theorem pdf is given by

Steven Kay Fellow, IEEE i exp(—z/61), 2>0
pr(x; f1) = ¢ b1

Abstract—A new proof of the class-specific feature theoremis given. The 0, v <0
proof makes use of the observed data as opposed to the set of sufficient sta- hile th ivariate | | pdfi
tistics as in the original formulation. We prove the theorem for the classical while the univariate log-normal par is
case, in which the parameter vector is deterministic and known, as well
as for the Bayesian case, in which the parameter vector is modeled as a exp (_ 1 lnz(r)) +>0
random vector with known prior probability density function. The essence pa(w; 82) = { =270 202 ) -
of the theorem is that with a suitable normalization the probability den- )

sity function of the sufficient statistic for each probability density function 0, x<0
family can be used for optimal classification. One need not have knowledge . ,
of the probability density functions of the data under each hypothesis. where¢; > 0 and¢> > 0. The joint pdf's are
Index Terms—Bayes procedures, data models, information theory, pat- N
tern recognition, signal detection. L expl =S a; ). >0
pase)=3 7 P 9%;1 ’
0, <0
|. INTRODUCTION N
1 - _ L 2 )
Optimal classification depends upon knowledge of the joint proba- N e CXP( 303 ; In (ml))’ 7>0
bility density function (pdf) of the observed data. When this is unavail? (62)= 7_1;[1 vi ) (2xha)
able, as is always the case in practice, the pdf must be estimated. Un- 0 <0

fortunately, it has been noted that high-dimensional pdf’s, on the order

of ten or higher, are notoriously difficult to estimate [7]. Itis thereforg; then follows from the Neyman—Fisher (NF) factorization theorem [3]
advisable to transform the data to a lower dimensional feature vecpiat each pdf admits a sufficient statistic as

In fact, much of the research in classification is involved with the de-

termination of a set of features which describe the data, but which has N

minimal dimension. Statistical hypothesis testing indicates that the op- T (z) = Z x;

timal way to do this is to employ sufficient statistics, which reduce the i=1

data but retain all the information of the original data. The theory of N )

sufficiency is well established when applied to a family of pdf's that Tx(z) = Z In”(x;).
=1

are parameterized [8], i.e., each pdf in the family depends on a different
value of a parameter. Less is known about sufficiency when the possiﬁlg

; . - nce, T (x) can be used to make decisions abduandT:(x) can
pdf's may be from several parameterized families. For example, Q" sed to make decisions abdt The question now arises as to
sider for the data sat = [w142 - - ] the family of pdf's q

whether theoint statisticT(z) = [I1(x) T.(x)]T can be used to
N make an optimal decision i# was sampled from the exponential or
o 1) = — 1N _ exp 1 S (s = 1)’ the log-normal pdf. The answer is, unfortunately, As an example,
(2m)N/ 2 ~— if #; and#; are known, so that the hypothesis test is simple, a likeli-
hood ratio test would involve the additional statigfigz) = [[._, .
where each pdf is parameterized pythe mean ofc;. Then, a suffi- ThusT:(x) andT:(z), which we term thesingle family sufficient sta-
cient statistic is well known to b&(z) = Zf’:l x;. Any decisions tisticsis not a sufficient statistic for theet of pdf familiegiven by
concerning the value gf can be based on knowledge of the sufficien{p, (z; 61 ), p=(z; 62)}. We will formalize this result in the next sec-
statisticT' () only [5]. The performance of the resultant decision ruléon.
will be identical to that based on the original datazsefhe hypothesis  Even though the single family sufficient statistic is not sufficient, it
test in this case might be a simple one such as deciding whetlked is possible to base a decision rule on the pdf’s of the single family suf-
or n = 1. A completely different situation arises when two or mordicient statistics, when the pdf’s asaitably normalizedin Section IlI,
pdf families may describe the observed data. Such is the usual ceselinear model family is used to illustrate the normalization necessary
in classification. For example, say thats observed, where the;’s  for the classifier to be based on the single family sufficient statistic.
are independent and identically distributed (i.i.d.) according to eith€his is the essence of the class-specific feature theorem, as originally
formulated by [2], and which we describe more fully in Section IV.
Before doing so we examine sufficient statistics for the multiple pdf
family in the next section.
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the dependence @ onz.) Then, to describe the set of possible pdf’s Ill. OPTIMAL DECISION RULES
we introduce an additional parameter which takes on the values

0<~<1. Then, we can define the pd for themposite pdf familfa] As shown previously, the set of single pdf family sufficient statis-

tics is not in general a sufficient statistic in the multiple pdf family

Tipe 0 pl— 0 case. However, an optimal decision rule can still be implemented if the
pi(x; 01)p,” " (2; 62) ) . - . . .
p(a; 7y, 01, 02) = —— — (1) pdf's of the single family sufficient statistics are known. This requires
/P](fl‘; 01)p,” " (x; 02) dz a normalization, which in essence, accounts for the diffefiény for

different pdf families. To illustrate the result we resort to the classical
wherey = 1 yieldsp, andy = 0 yieldsp,. We are now in a position Gaussian linear model using two pdf families with different dimension-
to find the sufficient StatistiC, if it eXiStS, for the Composite pdf famllya“ty parameter vectors. The linear model is defined as [3]
From the NF factorization theorem we have that
e=Hf+w
pi(@; 01) = g1(T1, 61)hi(2)

whereH is anN x p known observation matrié,is ap x 1 parameter
p2(2; 82) = g2(T2, 62)ha(z) ! PP

vector, ande is a Gaussian random vector with mehaand covariance

and using this in (1) produces matrix o2 I, with 2 known. The pdf can be factored as

1 1
p(m; Vs 91792) (ﬂ? 0) m exp|: % 52 :l:—HG) :l:—He):|

_ (Tl 01) rj (Tz 92) hl( /hz .’IZ‘)) ho (.’B) .
/gl (T1, 01)6) " (T, 05)(hs () /hs(@)) 7 hs () dee = e“p{ 507 T =0 H'H(T - ”)}
(T.0)

Note that ifk1 () /h=(2) does not depend am, thenT = [T: T-]* 1 ’ 1 .
will be a sufficient statistic fory, 81, 8-. For if this is true, then by the " @ren)i 2 exp {—m (¢ — HT) (z — HT)} 2

NF factorization theorem

(e)
9 (Th 6) (12 (T% 6-)

p(®; 7, 01, 0:) = —— @) hereT = HTH)"'HT 2 is a sufficient statistic fof and is recog-
/ g1 (T1. 81)5™" (T2 2)ho(w) dz =00 nized as th((a minimum variance unbiased estimator. Notexthgtde-
—~ pends on the dimensionality &f as well asH . The pdf of the sufficient
9T 12,701, 02) statistic is easily shown to h&"(8. o2 (H” H)~'), where\ (s, C)
In the exponential versus log-normal example denotes a multivariate Gaussian pdf with mean vgetnd covariance
~ matrix C. Hence, we may rewrite (2) as shown in (3) at the bottom of
pi(as 61) = L exp <_i Z ) To, ooy () this page. Now consider a hypothesis test within the same linear model
01 g {0, family. An example might be to te¢t = 6, versusd = 8,. The so-
hy() lution, which is known to be a likelihood ratio test, decides in favor of
g1(Tv, 0) . 6, if L(2), the likelihood ratio, exceeds a threshold. But from (3) this
o 1 ) I 2\ Lo oo@ becomes
po(®; 02) = W exp (—292 ; In (.’LJ) e . oz 1)
—~— H;L’i () = P(fl‘ 90)
92(T2, 02) i=1
—_—— _ p(T; 61)h' (x)
ho () = p(T; 00)h/ ()
wherel(, .)(z) = lifall #; > 0 and is zero otherwise. Thus _p(T: 6,)
p(T; 6)
ha(®)/ha(x) =1/ H xi, forall z; > 0 Clearly, we would obtain the same result if we had started with the
i=1 sufficient statistic instead of the data and formed the likelihood ratio

based on it. Now consider the problem of testing whether the data was

which clearly depends an Note that in this case the sufficient statistic
sampled from one of two different linear models or

is
N N N T Hi: z=H,a4+w;
Zbl Zln (x;) H;z:l} . Ho: x=H:84+ws
=1 =1
where the parametessand$ have different dimensionalities (and, of
In general, the sufficient statistic will §&; To R (z)/he(2))T. course H,, H, are different). An example, might be whether the data

pla: 6) = ! xp| = (T ) (BT H/7*) (T - 0)

(2772 det? (o?(HTH) 1)
1

. —
(2ma2)(N=p)/2 det2 (H' H

exp {—% (@ — HT)" (x — HT)} — (T 01 () 3)

h'(x)



1656 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

originated from a DC level in white Gaussian noise or a straight line ButT,, = (H H,) *H{ z so that
white Gaussian noise. Then, the likelihood ratio is from (3)

(z; @) —2a7 <H1T9H1 ) T, + o’ <L1T,7H1 ) o
Lz)=22 % (""'* ’;) 4) 7 v
‘ p2(a; H'H , -1 oa"H H a
_ T 1 T T 1
_ p(To,: a) . h'l(:l‘:) (5) = 2« < 3 )(H1 Hl) H1m+702
p(Ts; B) hy(x) 1 :
: = F(—2QTH1T:1:+0:TH1TH1Q)

It is seen that because of the different modalge) # %5 (2) and this
difference must be taken into account by the LRT. To do so note froand similarly for the denominator term in (9). Hence
(4) and (5) that T T T g7
L) exp[—5z(—2a'Hiz+ o' Hi Hia)]
Ri(@) _ pi(x; ) p(Ts; B) ® = 1 T gt T g0
= it SNy -5 (—-28"H H; H.
hy(z)  pa(z: B) p(Ta: @) ©) EXP[ 20 ( prietpH 2’3)]

Since the left-hand side depends onlyagrihe right-hand side cannot

which is identical to

depend on, 3. Hence, if we can find an, saya™ and a3, say8™ so Liz) = pi(z; @)
that @) = @ B)
1 1 _ Tip_
pi(2: a®) = palas B°) @ . exp[—555 (2 — Hia)" (z — Hia)]
then from (6) we have that ;\, exp[—giz (® — H2B3)" (x — Hof3)]
(2ma2)2

Bi@) _ p(Ty: B°)
By@) ~ p(Ta:a’)

Thi b din ) ol finall IV. CLASS-SPECIFIC FEATURE THEOREM
is can be used in (5) to yield final
y Y We now state the class-specific feature theorem. Two cases are of

_ p(Ta; a)/p(Ta; o) interest. The classical case assumes the parameter is deterministic and
(@) = p(Ts: B)/p(Ts: B)° ®) " known while the Bayesian case assumes the parameter is random but
with a known prior pdf. We now utilize a more descriptive notation for
Note thatthe likelihood ratio depends only on the pdf's of the singlghe pdf's to avoid confusion between the classical and Bayesian cases.
family sufficient statisticsThus in practice we need only estimate the-or the classical case, the pdf for the datavhich is parameterized
pdf of T as opposed to that af. This approach is called theass- by the vecto#, is denoted by x (z: ). In the Bayesian case, the pa-
specific mode[2]. rameter vector is assumed random with known prionpd#) and the
The class-specific model depends upon (7) being satisfied. An qfynditional pdf is denoted byy o (z]0). In generalg is N x 1 and is
vious choice for the linear model is to choase= 0 and3 = 0, which  , x 1. The following lemma is used to prove the main theorem and is of

is the noise-only condition. In this case we have that interest in its own right. It states that not only does a sufficient statistic
provide all the information necessary for a decision problem [5], but in
pi(z; o’ =0) =py(z; 7 =0) the case of a simple versus simple hypothesis the likelihood ratios are
_ 1 exp <_ 1 Tm) ) identical. A similar result is implicit in the proof of the equivalence of
(2702) ui 202 the Kullback—Leibler information discrimination measure based on the

data and a sufficient statistic [6].
To verify that the likelihood ratio computed from either the data as
p1(x; a)/p2(x; B) or (8) usinga™ = 8* = 0 are identical first recall fic
thatT. ~ N(a, o?(H{ H\)™") andTs ~ N (B, o>(H, Ho)™").

Lemma4.1 (Equivalence of Likelihood Ratio Based on Data and Suf-
ient Statistics): Let T'(x) be a sufficient statistic for the pdf family
px (@; 8) and letpr(t; 0) be the pdf of". Then for any two values of

Then 6 we have that
p(Ty; @) px(x; 81) _ pr(t; ) (10)
p(To; a=0) px(@; 60)  pr(t; 6o)
v H
eXP[*é (Ta *"‘)T(L—21>(Tﬂ*°‘)] wheret = T(z). Note that the equivalence of the likelihood ratios is
1

(2m)P1/2 det 2 (o7 (HTHy)—1) at thg pointe f.or.thg dqta Iikelihpod and at the poiht= T'(z) for the
= sufficient statistic likelihood ratio.

ex 71TZ:(HTH1 )Ta:|
p[ - 1 -~ The proof is based on the Neyman-Fisher factorization theorem
(27)PL/? det 2 (02(HT H{)—1) and is omitted. We now state the main theorem, starting with the
1 o (HTH, ~(HTH, classical case. Consider the problem of choosing among the hy-
= exp {—5 <—201 <T) To+a <?) 0‘)} potheses{H,, Ha, ---, Hu }, Where theith hypothesis has the

prior probability P(H;). If H; occurs, the data has the conditional
and, similarly, forp(T's; 8)/p(Ts: B8 = 0). The likelihood ratio be- pdf px |y, (2; 8:). The pdf families under each hypothesis need

comes from (8) not be the same nor the dimensionalities of éhis. The decision
- - rule that minimizes the probability of error is well known to be the
exp [_ ! (_ 202 (Hgfl ) T. +a (H;fl ) a)] maximuma posteriori(MAP) decision rule [4]. That is, we choose the
L(z) = (9) hypothesis for which thea posterioriprobability oré; = P(H,|; ;)

HTH HTH '
€xp [—;—(—QﬂT( P Q)Tﬁ +5T( s Q)ﬁ)] is maximum. We note that this procedure may be effected by a



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000 1657

sequence of binary decisions as follows. Comgar® ¢, and choose then the MAP rule for choosing amonig<:, Hs, ---, Ha} is to
the larger. If, say¢: is larger, then compargé to s and choose the make binary decisions (a total 87 — 1) betweenH; and®; and
maximum. We repeat the procedure until@ls have been examined. to decideH,; if

The surviving¢ will be the maximum. We will term this somewhat

obvious approachinary decision making Dy w;(ti)
Pre;, H; (t‘i|9:)

Py, (t5)

P(H:) > —— e
( prj1e;, 1, (E5107)

P(H;).  (14)
Theorem 4.1 (Class-Specific Feature—Classical Caggysume

that for each hypothesis the pdf familyxy, (z; ;) admits a Proof: Consider the binary decision betwe#h and?{;. Then,

sufficient statisticI’; for 8;. Eaché, is assumed knOV\_/n_. If we can find the MAP rule chooseg; if

a set of values of th@'s so that for each binary decision betwedn

and; we have

px (@) P(Hi) > pxp,; (2)P(H;) (15)
]7,\'\’)-(7-(1’:, 07) = PX|H; (; 0;) (11) where
then the MAP rule for choosing among+:, Hs, -+, Ha} is to Pxp, (2) = /‘PX’IG)- 1. (2]0;)p(8;) a8,
make binary decisions (a total 8 — 1) between*; andH; and i v

to decidet; if But from the Bayesian equivalent of (10)

10, (s 05) prym, (5 0;) “prie,. w, (i]0:)
— s P(He) > —————~ P(H,). (12) , = [ Pries, 1 M) 0N I8,
])Ti\Hg(ti? 67) ij\Hj(tJ? 91) ! p‘\|1.{7.(.”l?) ]),[,‘@i7Hi<ti|9T) p‘\‘eieHi(m|al )p(8:)db;
‘ , . (x)67
Proof: Consider the binary decision betwekfy and;. Then, = /p»[v‘@i,,{i(t,;w,; )p(8;)de; PX'LW
Prie;, m bl

the MAP rule choose®!; if .
B rxlo,, H, (2]0)
—PT\Hi(ti e (4107

px 7 (@ 0)P(H:) > px i, (3 0,)P(H,;). prie;, ;(il67)

Now using (10) we have that Using (15) we have

Pxje;, 1, (2]07)

o P (i3 6 .t L P(H,
px i, (@5 0:) = pxya, (23 07) M prinl )PTlei-Hz-(t»W"z') ()
vrw, (tis 07) o *
Pxle; H; (il?wj) ,
. >pT\Hj(tj)ﬁP(Hj)
and thus we choosk; if prie,, 1, (t;107)
o DT, (s 6:) and, finally, using (13), we have the desired result.
px (%5 07) 1w, (tis 07) P(rt) It is sufficient but not necessary for the condition of (13) to hold that
#y PT|H; (t 5 0 ) * * *
> pxm;(@; 05) M2 20 P(H,) Pxioy, 1, (B01) = pxjo,, 1. (2|02) = - =Dxj0,,, 1,y (T]00)).

prin, (t: 07)

or, finally, using (11), we have the result.

It is sufficient but not necessary for the condition of (11) to hold that V. DISCUSSION ANDCONCLUSIONS
A more rigorous proof and justification for the class-specific fea-
Pxyr, (5 07) = pxipe, (5 05) = -+ = pxype,, (25 01y). ture theorem has been given. The importance of the result is that in

classification problems one need not “lump” all the features for all the
In practice, it appears that this sufficient condition is most easily satigasses together. Doing so requires the determination of a large dimen-
fied. For example, in the linear model example of Section I1l we coulgionality pdf, which in practice is usually impossible. Alternatively, we

have considered the problem of can restrict attention to the sufficient statistic for each class separately,
when appropriately normalized. Then, itis only the pdf of the sufficient
Hy: e=Ho+w statistic for each class that is required. However, the normalization con-

dition cannot always be satisfied. In the exponential versus log-normal
pdf classification problem this condition does not appear to be satis-
Hs: x=Hyy+ws. fied. For signal in noise problems, such as was illustrated using the
linear model in Section 1llI, the normalization condition is easily sat-
Then, the sufficient condition is satisfied if we choage 3%, v* equal isfied. We need only choose the parameters to result in the noise-only
to the zero vector of commensurate dimension. case.

For the Bayesian case we have the following corresponding theoremin summary, when applicable, the class-specific feature approach re-
sults in amuch simpler pdf estimation problem and a subsequent reduc-
tion in the complexity of the classification problem. It thus yields more
accurate classification and/or requires less training data [2].

HQZ .’B:Hzﬁ-i—wg

Theorem 4.2 (Class-Specific Feature—Bayesian Cagesume
that for each hypothesis the conditional pdf family o, #, (z|6)
admits a sufficient statisti€; for 8;. The prior pdf for8; is p(6;) and
is assumed known. If we can find a set of values ofétiseso that for
each binary decision betweét; and?; we have ACKNOWLEDGMENT
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targets are modeled as projective transformations, converting three-dimen- o, transiation) on the rigid templates and, hence, target inference re-
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to hypothesis selection in the presence of nuisance parameters; its perfor- dl%Cesj to optimization OV‘?rthe these grol_‘]ﬁg (andS_()(m). For mOd_‘ _
mance is quantified as the Bayes' error. Analytical expressions for thiserror ~ €ling image formation via remote sensing, we will assume statistical
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rates for exponential error probability decay. ages are random realizations with means given by the projections of
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such as pose, motion, lighting, and thermal profile, becomes essential.
Target recognition is performed through Bayesian hypothesis testing;
for a given observation the likelihood ratios are compared to the ratio
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algorithms fordetectiorandreco)g;nitionof the targets ?;1 the ozserveg P H)/p(T7 | Ho ) P P(Ho)/P(H) = v.
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wheres is a nuisance parameter. In most practical situations, the inte-
grand is too complicated to be computed analytically. One common so-
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