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Abstract

In a previous paper it was shown that a wide sense stationary random process could be
represented as a sum of sinusoids with random frequencies. We provide an extension of that
theory by representing the process as a marked nonhomogeneous Poisson process in frequency.
This leads to a new spectral representation with some interesting properties. A realization of the
random process can be synthesized very simply by generating a realization of the Poisson process.
The first-order probability density function is that of a compound Poisson random variable, a
commonly used model for clutter, as for example in the Middleton Class A probability density
function. Because of its generality the extension to a multidimensional power spectral density
is immediate and an example is given of that extension. Applications to spectral hypothesis

testing are also described.

1 Introduction

The spectral representation for a wide sense stationary (WSS) random process is of utmost impor-
tance in modern signal processing theory and practice [2]. It forms the basis for the the science
(and sometimes “art”) of spectral estimation [7]. This representation relies on summing together a

set of sinusoids of fixed frequencies but random amplitudes and random phases. Alternatively, one
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can view the complex amplitude in the context of a random spectral measure, which is uncorre-
lated over disjoint frequency sets. Previously, it was shown that by also assuming the frequencies
to be random, one could obtain a representation that allowed the independent specification of the
power spectral density (PSD) and the first-order probability density function (PDF) [11]. The only
proviso was that the PDF had to be in the class of infinitely divisible densities [4], which includes
many well known PDFs such as the Gaussian, Cauchy, K-PDF, etc. This representation had the
advantage of lending itself nicely to generation of realizations of the random process without the
difficulties usually caused by coupling of the PSD to the PDF.

In this paper we show that an extension of this previously reported representation is obtained by
allowing the random frequencies, which previously were assumed to be independent and identically
distributed (IID) random variables, to instead be given by a realization of a nonhomogenous Poisson
process in frequency. The previously reported results then are obtained if we condition on the
number of frequency events in the given frequency band. The PSD, as before, is easily specified by
the intensity of the Poisson process and the first-order PDF is that of a compound Poisson random
variable. The latter comprises a broad class of PDFs with the Gaussian being a limiting case.

Besides being of theoretical interest the proposed representation has many practical applications.
Modeling of clutter spectra and nonGaussian PDF's is one area of interest [6, 1]. Another is the use
of the nonhomogeneous Poisson process as a model for neural responses, with an example being the
output of the auditory nerve [18]. Synthesizing realizations of a random process to approximate
a desired PSD is greatly simplified since there is no need to design coloring filters. For example,
the Gaussian PSD is frequently used as a model but is difficult to synthesize using a rational
transfer function model [7]. No such limitation is present if the frequencies are assumed to be
random. Finally, the representation is very general due to the generality of the Poisson process
[13]. In particular, the extensions to the multidimensional case, such as required for two- and three-
dimensional PSDs, is straightforward. It should also be mentioned that for deterministic signals, a
similar nonuniformly spaced frequency representation is available [12].

In summary, the utility of the new representation is the following:

1. A realization of a WSS random process with any PSD (either one-dimensional or multidimen-
sional) can be easily generated. No spectral factorization or covariance matrix square rooting

is necessary.

2. Correlated random processes with a nonGaussian PDF, either a compound Poisson or more

generally an infinitely divisible PDF, can be represented.

3. The model more closely represents typical scattering phenomena such as reverberation, clutter,

and target returns, when the number of scatterers is small.

4. The model may be useful in explaining neural responses, which are two-dimensional such as in



the auditory nerve or optic nerve.

5. The ensemble autocorrelation sequence and PSD are easily specified. Therefore, the represen-

tation may be useful in theoretical work.
6. Extensions to the multichannel random process and evolutionary random processes is possible.

The content of the paper is as follows. In Section 2 we describe the spectral representation while
Section 3 summarizes its properties. In Section 4 an explicit example is given. Section 5 includes
some typical applications. A summary and discussion is included in Section 6. All derivations are

relegated to several appendices.

2 The Poisson Spectral Representation

The background for this section can be found in [13]. For a discrete-time wide sense stationary

random process it is well known that the process has the spectral representation [2]

X[n] = / exp(j2 fn) X (df) (1)

where X (df) is the complex spectral measure and can be viewed as a complex random variable that
gives the amplitude and phase of the sinusoid whose frequency is at f. The random variable has
a zero mean and is uncorrelated for different frequency sinusoids. In our Poisson representation
it will be necessary to assume that not only are the sinusoidal complex amplitudes uncorrelated
but they are also independent. Of course if the random process were Gaussian, the representation
of (1) would also imply independence. The power at frequency f is given by E[|X(df)?] and
hence the PSD is just Px(f) = E[|X(df)|?]/df. In the proposed Poisson Spectral Representation
(PSR) we simplify the discussion by considering only a real random process and thus, use the real

representation

N
X[n| = ! ZAk cos(2mFyn + ®y) —00<n <00 (2)
=1

Vo2 £

where {41, Ag,..., Ay} are IID positive amplitude random variables, {®,®s,...,Px} are IID
phase random variables uniformly distributed on [0, 27), and with the amplitudes independent of the
phases. The number of sinusoids IV is a Poisson random variable with mean Ay and the frequencies
{F1,F;,...,Fn} are the point events in frequency of a nonhomogeneous Poisson random process
on the interval 0 < f < 1/2. The Poisson random process N is independent of the amplitudes
and phases. In contrast to the usual spectral representation of (1) where the frequencies are fixed,
and usually chosen in the limit as uniformly spaced in frequency, in the PSR the frequencies are

randomly distributed throughout the frequency interval as a nonhomogeneous Poisson process. This



representation then gives rise to a given PSD via a nonuniform distribution of sinusoidal frequency
components.

The representation of (2) in which we sum a function evaluated at the points of a Poisson
process and for which the function also depends upon the outcomes of other random variables is
called a marked Poisson process. It can alternatively be written as

N

k=1

where

1
gn(F, (A, ®)) = ——=Acos(2nFn + ®).

Vo/2

In this case, the random variable associated with the kth frequency event of the Poisson process is
(Ag, Dx) and is called the “mark”. It is independent of the marks at the other frequencies and also
of the other frequency events. As such, it produces a multidimensional Poisson process denoted by

N with events as depicted in Figure 1.
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Figure 1: Illustration of an outcome of a marked Poisson process N (shown as solid dots) with
event F' (shown as x’s) and mark (A4, ®). Note that the number of events in A x B is two for the

pictured realization and the average number of events is the mean measure p(A x B).

The space in which the marked events occur will be denoted by & x M. Here S denotes the
frequency interval 0 < f < 1/2, where the frequency resides and M denotes the marked space
[0,00) % [0,27), where the amplitude and phase reside. The number of events in a subset V' of this
space is given by N(V'), which is a Poisson random variable with mean measure E[N (V)] = pu(V).

Also, the number of events in disjoint subsets are independent of each order, according to the



Poisson assumption. Since a projection of a marked Poisson process is also a Poisson process, the

frequencies form a nonhomogenous Poisson process with mean measure denoted by

f2
1, ol x M) = BIN(1fi, 2l < M0 = [ 7

where we have assumed that all the measures are absolutely continuous. We interpret this assump-
tion as saying that the Poisson process in frequency is nonhomogeneous and has an intensity of
A(f). Thus the frequency realization is such that there are more events in frequency intervals where
A(f) is large, i.e, where the “arrival rate” or intensity is large. Overall, it can be shown that the
mean measure for the Poisson process N for an arbitrary volume A x B, where A € S and B € M
is

WA X B) = /A Npalapol0)ds dady (4)

where pg(a) and pe(¢) are the PDF's of the amplitude and phase, respectively. We normalize the
intensity by letting
A(f) = Aop(f)

where fol/ 2 p(f)df = 1 so that p(f) can be interpreted as a PDF in frequency. With this normal-

ization the total number of expected events in S x M is

1/2 poo r27m
H(S x M) = / / / pa(@)pa(@)hop(f)dé dadf = Xo.

With these assumptions the PSR can be written as

X[n] = /SXM WE cos(2mfn + ¢)N(df x (da,de)) (5)

where N(A x B) is the number of events occuring in the “rectangle” A4 x B. This is similar to
(1) except for the mark (A, ®) and the property that the random counting measure, i.e., random
variable IV, is Poisson and is independent, and not just uncorrelated, in nonoverlapping sets in

S x M. We can alternatively think of the random counting measure as

N(SxM)

N(df x (da,dp)) Z (f = frra— ag, ¢ — ¢)df dadg

where ¢ is a three-dimensional Dirac delta function. Inserting this into (5) will produce (2). Note
that if N(SxM) = 0 then we define X [n] as zero, although this will be a low probability occurrence,
especially for large Ag. The assumption of large Ao is desirable in that the X[n] process will be
shown to be ergodic in the autocorrelation sequence only as A\g — 00, and is necessary for a practical
representation. We next state the properties of (2) or equivalently (5) with the derivations given

in the Appendices.



3 Properties of the Representation

The X|[n] random process as defined by (2) or equivalently by (5) with its accompanying assump-

tions can be shown to possess the following properties (see the Appendices for the derivation):

1. The process is zero mean, i.e., E[X[n]] = 0 for —oo < n < co. This is due to the assumption

that the phase is uniformly distributed.

2. The process possesses an autocorrelation sequence, which together with the first property, shows
that it is WSS.

3. The PSD is given by )
A
pe(n=280s)  c1p<r<ap (©

Thus, the PSD is specified by choosing the intensity of the nonhomogeneous Poisson process

in frequency since A(f) = Aop(f) on the interval 0 < f < 1/2. The total power is seen to be

E[X?[n]] = E[A?], and is independent of Ay (the reason for the chosen normalization in (2)
of \/ )\0/2)

4. The process is ergodic in the mean. This is due to the assumption of an absolutely continuous

spectral measure since this implies an absence of a delta function in the PSD at f =0 [2].

5. The process is ergodic in the autocorrelation sequence as A\g — oo. This is reasonable in that as
the intensity of the Poisson process in frequency increases, more frequency events occur and

hence a more complete temporal description of the process is obtained.

6. The first-order PDF of the process does not depend on n so that the process is stationary to

first-order, and is given by the PDF of a compound Poisson random variable as

N
X[n) =) U (7)
k=1

where N is a Poisson random variable with mean A\g and the Uj’s are IID random variables

and specifically U, = A, cos(®y). The characteristic function of X|[n] is

Yxn(w) = Elexp(jwX|[n])] = exp [)\o (/00" Jo ( C:\OQ/2> pa(a)da — 1)] (8)

where Jj is the Bessel function of order zero. It can be shown that as A\g — 0o, X[n] becomes

Gaussian with zero mean and variance E[A?], and this holds independently of the PDF of A.
Other first-order PDF's can be constructed by appealing to the properties of the conditional
Poisson process as explained in Section 5. Furthermore, as Ay — oo, the process becomes a
Gaussian random process in a similar fashion to the well known convergence property of a

filtered Poisson process as the intensity becomes large [16].



4 An Example

Assume that we wish to represent a random process whose first-order PDF is that of a compound
Poisson-Gaussian random variable. By the latter we mean that the random variable can be repre-

sented as

X =

M=

Uy, 9)
k=1

where the Uy’s are IID Gaussian random variables with mean zero and variance 02/\g and N is a

Poisson random variable with mean Ay and independent of the U’s. The PDF can be written as

o) — Zm (A D o’
px(x) = 2 p(—Xo) k!N <0,k)\0>
where .
N(0,07) = py(u) = S exp[—(1/(207))u’] (10)
on

and N(0,0) is defined to be zero. This is easily verified from (9) by finding the PDF of the sum
by first conditioning on N and then unconditioning by summing with respect to the probability
mass function of the Poisson random variable. To determine the PDF necessary for A (recall that
Ui = Ay cos(Py) with &5 ~ U([0,27)) we note that for a compound Poisson random variable the

characteristic function is [4]
¥x () = exp [Ao(¢r(w) - 1)]

so that from (8)

Since U ~ N(0,02 /o)

and therefore we require the solution of

o [35] = [ (g ) tons

for pa(a). But for a > 0 it can be shown that [5]
oo L o L oo
e Jo(Bz)x exp —50% dxr = exp _iﬁ /(2ar)
0

and letting © = a, 3 = w/y/Xo/2 and a = 1/0?, we have

1 [ w 1 1 w202
— Jo | ———a | aexp | —=d? 02> da = ex [—— ]
02/0 0( */\0/2> p<2 / P =5




so that

a 1a?
pala) = ﬁexp —

202

which is recognized as a Rayleigh PDF. Thus, the amplitude and phase random variables may be
generated by generating two independent Gaussian random variables (z,y) each with PDF A(0, 02)
after conversion to a magnitude and phase, thus forming a = \/51327+y2 and ¢ = arctan(y/z). This
result is noted from (2) since for the amplitude and phase to be independent with Rayleigh and
uniform PDFs, respectively, X = Acos(®) and ¥ = —Asin(®) must be independent and both
Gaussian [10].

The PSD is easily specified from (6) so that the intensity of the Poisson process in frequency

should be chosen as

3 =) = 22 a2 o< <ape

To actually generate a nonhomogeneous Poisson process with this intensity one can use the methods
described in [18]. For example, a homogeneous Poisson process is easily generated by generating the
interevent times as independent exponential random variables. Then, the realization is transformed
by a nonlinear transformation obtained from A(f) to obtain the desired nonhomogeneous Poisson

process realization.

5 Rapprochement with Previous Results

The previous representation used in [11] was

M
Xn] = \/%/2 ; A cos(2nFyn + ®;)

where the random variables (4;, ®;) were IID with the amplitudes and phases independent of each
other, and the phases were uniformly distributed. It was assumed that M is a given constant.
These are nearly the same assumptions as for (1). The difference lies with the assumption on the
frequency random variables. Previously, these were IID with PDF pp(f) on the interval [0,1/2] and
independent of the amplitude and phase random variables. In the PSR we consider the frequencies
as random events distributed according to a nonhomogeneous Poisson random process with intensity
A(f) = Aop(f). However, if in the PSR model we fiz the number of events /N as the constant M, or
equivalently condition on the number of frequency events in [0,1/2], then the PSR reduces to our
previous model. This is a well known result that a nonhomogeneous Poisson process with intensity
A(f), conditioned on the number of events, has the same distribution as the order statistics of M
IID random variables with the PDF [18]

0< f<1/2.



But for the PSR A(f) = Aop(f) so that

pF(f) = 1/2)\0p(f)

apirar "

since fol/ 2 p(f)df = 1. Hence, if we condition on the number of frequency events in [0,1/2], then
X [n] has the properties listed in [11]. The only difference is that by conditioning the characteristic

function of X[n] becomes

M
oo =" = ([ () o)

If we were now to assume that N ~ Poiss(\g), then by taking the expected value of

(¢x[n] (WN=M ))M with respect to a Poisson random variable with mean )y, we would recover

the characteristic function of (8).

6 Some Applications

6.1 Class A Noise with Arbitrary PSD

Middleton’s class A noise model has been found to accurately predict scattering phenomena in

radar, sonar, and communications [15]. The first-order PDF is defined as

o0

)\k
Pxn) (5 A0, Q, 02) = exp(—Xo) Z k—?N(O, ) (11)

k=0
where N(0,0?) denotes a Gaussian PDF with mean zero and variance o2 and o7 = k(Q/)\) +
JQG. The PDF corresponds to the sum of a compound Poisson random variable, which represents
scattering such as is encountered in reverberation or clutter, and a Gaussian random variable, which

represents ambient noise. As such, the sum random variable can be expressed as
N
X[ => Ux+W
k=1

where N ~ Poiss(\o), U, ~ N(0,§2/Xo) and are IID, and W ~ N (0,0%) and all random variables
are independent of each other. The total process power is E[X?%[n]] = Q+ 0Z. Referring to (11) we
see that the nonGaussian part can alternatively be represented by a PSR with E[A%] = . To this
we can add white Gaussian noise with variance 0% to represent the ambient noise. This follows

because the PDF of the nonGaussian (NG) part is

— b Q
PG (25 Mo, Q) = exp(—Ao) Z k_(')N <0, k)\—0>
k=0



and is convolved with the PDF of the Gaussian part

1 1
pa(x; J%) = ———exp (—2—2:1:2)
1/27‘(0’% e

which by linearity of convolution produces (11).
The PSD of X[n| becomes upon noting the independence and hence uncorrelateness of the

nonGaussian and Gaussian parts

Px(f) = Pna(f) + 0.

Here Py (f) is the PSD of the nonGaussian part and is realized using (6). The final representation
is

X[n] =

! Z Ay, cos(2mFyn + @) + Wn] (12)

VA/2 i
where N is Poisson with intensity A\(f) = AoPna(f)/S2, Ag’s are IID Rayleigh random variables
with parameter 2, ®’s are IID uniform random variables on [0,27), and W n| is white Gaussian

noise with variance O'?;.

6.2 Generation of Multidimensional WSS Random Process Realizations

It is frequently desired to generate a realization of an m-dimensional Gaussian random process
with a given PSD. A common procedure is to filter an m-dimensional white Gaussian noise process
using a “coloration” filter. As an alternative, the use of the PSR provides a more direct method.
We illustrate for a two-dimensional WSS process with the extension to any number of dimensions
being obvious.

The representation becomes

X[ni,ng| = (Fi,n1 + Fo,n2) + @y (13)

N
Ay cos[2m
it

where the Ap’s are IID Rayleigh random variables, the ®;’s are uniform random variables with
the amplitudes and phases independent of each other, as for the one-dimensional case. The only
difference is in the marked Poisson process now being defined over the space & x M, where § =
[0,1/2] x [0,1]. A realization of the two-dimensional random process X [n1, n2] now requires one to

implement a two-dimensional nonhomogeneous Poisson process with intensity

2P
A fo) = 222D g g e i s <
E[A?]
If we condition on the number of events, then the generation process is simplified since the frequency
events ([, , Fy,) becomes IID random vectors with joint PDF

2Px(f1, f2)

PR R (f1, f2) = AT 0< f1<1/2 —1/2< fo< 1.

10



Hence, the generation reduces to that of generating a two-dimensional random vector outcome with
a given PDF. Note that any PDF may be approximated by a sum of two-dimensional Gaussian
PDF's for which generation of Gaussian random vectors becomes a simple task. The same approach
can also be used for m-dimensional PSDs that can be approximated by a sum of multivariate

Gaussians.

6.3 Spectral Hypothesis Testing

We now describe an approach to discrimination of PSDs basd on the PSR. In the process of doing
S0, we point out some interesting correspondences between PDF metrics and PSD metrics. Assume
that we wish to discriminate between two PSDs, with the extension to any number of PSDs being
obvious. Since the PSD is related to the intensity in the PSR as

~ 2XoPx(f)

NS = (14)

we can use the intensity for discrimination. To simplify the discussion we let the power in each
process be the same, which for convenience is taken to be r.[0] = E[A2?] = 2. Then from (14) we
have that A(f) = AoPx(f). Since the marks of the Poisson process are independent of the frequency
events and since Px (f) only depends on the intensity, we can base any decision on just the intensity
realization. It can be shown that the part of the log-PDF that depends on the intensity is given by
18]

1/2 1/2
lz—A Mﬁ#+A In A(f)N (df) (15)

and this becomes
1/2 1/2
U= = [T+ [ mOoPs ()N (@)
0 0

1 1/2
_ —)\0+§ln)\0+/ In Px (F)N(df). (16)
0

Finally, assuming the possible PSDs are equally likely to occur we minimize the probability of

decision error by choosing the PSD for which

1/2 N
I = / In Px(f)N(df) = ZlnPX(fk)
0 k=1

is maximum. Usually, the frequency events are not observable but only z[n] is observed. Some
applications for which the frequency events can be observed are in neural auditory coding [17]. For

the former case we proceed by noting that

E[N(df)] = A(f)df = XoPx (f)df = XoI(f)df

11



where I(f) is the periodogram, which is given by

2

M—1
1 .
1) = 5 | S alm]exp(—j2n fm)
m=0
The data set z[m] for m =0,1,..., M — 1 is assumed to have been observed. Thus, we can use

1/2
v= [ P () ()
0

Finally if we have two possible PSDs Px, (f) and Px,(f), we choose the one that maximizes over
1=1,2
1/2
&= [ 10w P(Dr, (17)
0

A computer simulation example is now presented.
We assume that we wish to discriminate between two Gaussian autoregressive (AR) random
processes of order four with the PSDs shown in Figure 1. They ae assumed to be equally likely to

occur. To do so we consider two approaches. The first is the one given above as (17). The second,

10 T T
RN — — —class 1
class 2

PSD (dB)

-15 I I I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000

Freq

Figure 2: Two AR(4) random process PSDs to be classified.

which is used as a baseline, is the asymptotic log-PDF of a Gaussian random process [8]. It can be

shown to be (apart from a constant not depending on the PSD)

v [ (o )

12



We decide upon the PSD that maximizes Inp, i.e., we use the maximum likelihood (ML) decision
rule [9]. The measure of performance is the probability of correct classification P,. To demonstrate
an apparent advantage of the Poisson statistic we corrupt the Gaussian process by adding IID
Laplacian noise of varying powers. The results will then indicated a measure of robustness to
modeling assumptions. In Figure 3 we plot the probability of correct classification versus signal-
to-noise ratio (SNR), where the latter is defined as the Gaussian random process power divided

by the Laplacian noise power. It is seen that when the modeling assumptions are satisfied, i.e.,

11
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Figure 3: Probability of correct classification versur SNR.

no corrupting noise, that the Gaussian ML statistic produces slightly better results. This is as
expected since the ML rule is the optimal approach, assuming the true PDF is used. However,
when this is not the case, indicated by a worsening SNR, the Poisson test statistic significantly
outperforms the Gaussian ML decision rule. It is not clear at this point why there is such an
improvement in robustness so that further study is warranted. It should be mentioned that similar
results for discrimation of deterministic energy spectral densities were reported upon in [12].

An interesting interpretation of the test statistic of (17) is next described. Recall that we have
normalized the PSD so that

1/2

; Px(f)df = 1.

With this normalization the PSD integrates to one over the frequency interval [0,1/2] and so
has the same mathematical properties as a PDF. Carrying the analogy further we also note that
E[I(f)] = Px(f) [7]. If i = 1 is the correct PSD, then the difference of the expected values of the

13



statistic of (17) is given by

1/2 1/2

Ey[&] - Bolé] = ; Er[I(f)]In Px, (f)df — ; Ey[I(f)]In Px, (f)df
1/2 1/2
= ) Px, (f)In Px, (f)df — ; Px, (f)In Px,(f)df

_ 1/2 PXl(f)
_ /0 P, () Bl

This is recognized as the Kullback-Liebler distance measure [14]. This measure had previously been

used to distinguish speech-like signals based on their periodograms [12].

7 Conclusions

We have presented an alternative spectral representation of a wide sense stationary random process.
It is based on the assumption that the frequencies are random variables, and in particular, they
are the events of a nonhomogeneous Poisson process in frequency. The theoretical properties were
derived and some applications given to illustrate its usefulness in practice. The results presented
extend previous ones and so forms a more complete theory. Future work will undoubtedly add to

the aforementioned applications.
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A Derivation of Mean and Covariance

Using the standard notation of Kingman [13], we let the Poisson process be denoted by II and the
marked Poisson process by II*. The event is denoted by the vector in R? as x. Then we wish to
determine the mean and covariance of

Xell*

It is shown in Appendix C that the first four moments are given as

E(Zy] = /8 ouou(dx) (19)
E[ZnZ,] = /S o0, (<)) (20)

By letting x = [f a¢]” and

gm(x) = cos(2mfm + ¢)

%@
~
\V)

and also
p(dx) = Aop(f)pa(a)ps(p)ds da df

we can find the moments of X [n].

The mean is derived first by using (19).

1/2 poo p27 a
E[X[n]] = /O /O /0 iy COS2R 0+ OoplIpalapa(0)dd dad] =

due to the integration over ¢.

Next the autocorrelation sequence and the PSD are found.

1/2 poo  p2m a2
EXmxXlnl) = [ [ [T S costam -+ ) cos(2n -+ oap(Ppa(a)pe(é)do dads

1/2 2
= 2E[A2]/0 /0 %cos[%rf(m—n)]+%cos[%rf(m—kn)+2¢]%d¢)p(f)df

1/2
— 2m[AY / * cos(2n f(m — n)lp(/)df

= rx[m—n]

so that the autocorrelation sequence is

3 E[A%p(|f])

’I”X[k‘] = B

) cos(2m fk)df

and the PSD is seen to be

Py(f) = == WU q9 < p <)o,

17



B Derivation of Ergodicity of Sample Autocorrelation

From [3] there are two conditions that are necessary and sufficient for ergodicity. They are

1. The fourth moment E[X[no| X[k + no)X[j + no]X[j + k + no]] should not depend on ng, which

is a form of stationarity for this moment.

2. If the sample autocorrelation is given by

1 M+1
Fx k] = M1 > X)X + k]
§=0
then we require
1 ® . . )
Jm 7T X PXOIEXEIBXGIEY + 4] =k

and is equivalent to requiring the variance of 7x [k] to go to zero as the data record length M

goes to co. We first verify the stationarity of the fourth-order moment.

To do so we let

gn(x) = X|[n] = cos(2mfn + @)

%@
~
\V)

E[X[no] X[k + nol X[j + no] X[j + k +nol] = Gno (X)Gktno (X)Gj-+n0 (X)gj+k+no () p(dx)

/S><M
+ /S g () /S () ()
n /S g0 () /S e (K ()p()
+ / 9ng (X)gj+k+’no (X):u(dx) / Gk+ng (X)gj-i-no (X):u(dx)
SxM SxM

and from Appendix A
| om0 Gout) = rlm — ).
SxM
Thus, the last three terms are
rX k] + X[ +rx[i + Klrx[j — K]

and clearly do not depend on ng. Considering the first term, which we denote by I, we have

1/2 poo  p2m 1 .
h= /0 /0 /0 Doy2E® cosl2mfno + ¢l cos2mf(k +no) + 9]

cos[2mf(j + no) + @] cos[2nf (j + k 4 no) + ¢]Aope (d)pa(a)p(f)de da df

/ T
_ 4E)F;44] /01 2 /02 [cos[27 fng + @] cos[2m f(k + ng) + @]

cos[2f(j + o) + ] cosl2nf(j + I+ no) + 6] 5 —p()do s

18



To evaluate the integral over ¢ we let z; = exp(jb;), i = 1,2, 3,4 with

0 = 2nfng+9¢

Oy = 2nf(k+ng)+¢

O3 = 2mf(j+mno)+¢

0, = 2nf(j+k+nog) +¢

so that the fourth-order product of cosines in brackets becomes

1 4
1—6]:1 ZZ+Z

When multiplied out, only the product terms that have two unconjugated z;’s and two conjugated
z;’s so that the term does not depend on ¢ will produce a nonzero contribution to the integral. It

can be shown that this results in the terms

% [cos(61 + 02 — O3 — 04) + cos(01 — 02 + O3 — 04) + cos(01 — O — O3 + 64)]
which is
% [cos(—27fj — 2w fj) + cos(—2m fk — 2w fk) + cos(—2m fk + 27 fk)| = % [cos(4mf7) + cos(4m fk) + 1].

At this point we see that the fourth-order moment does not depend on ng and hence the
first condition for ergodicity is satisfied. Continuing on we compute the fourth-order moment
E[X[0]X[k]X[j][j + k]], which is just the previous expression with ng = 0.

We now continue the evaluation of 1.

4 1/2 p2m
. 4EA/ / [cos[2m fng + @] cos[2r f (k + no) + ¢]

cos[%f(y +n0) + 6] cos[2m (G + k -+ o) + 6] o-p(f)dodf

1/2  p27 1
— 2)\0 / / [cos(4m f7) + cos(4m fk) + ] (f)dqbdf

47 p1/2
= 2[;10 ] /0 [cos(4mf7) + cos(4m fk) + 1] p(f)df
4 i 2
= %A[Jp] /1 [cos(2mfj) + cos(4m fk) + 1] Wdf
4
- %[m 2] + rx[2k] + rx[0]
so that
PR E[AY] . 9 9. . )
E[X[0]XTR]X[j1X[5 + K] = m[rx 27] + rx [2K] +7x [O]) + rx [K] + rX 5] + rx [j + Klrx [7 — K]

19



Thus,

M M
T A4
N}linoo M+ 1 JZOE XX +E] = A}linoo M+ Z Tx[2]] + rx[2k] + rx[0])
M
2
t M—>ooM—|— Z +TX]+'I€]TX[ _k])+TX[k]

7=0

and assuming that Z] “olrx[j]] < oo and Z] o 1% + rx[j + klrx[j — k]| < oo, which will be

true for an absolutely continuous spectral measure, we see that
E[AY]

Z; X[IX[ + Kl = m(w [2k] + rx[0]) + 7% [K]

M—>ooM—|—1

which will only approach r%[k] as A9 — oc.

C Derivation of Joint Characteristic Function

The principal approach to determining properties of a Poisson process is the characteristic function
and Campbell’s theorem [13]. The general fourth-order moments necessary do not appear in the
literature and so this appendix fills that gap. In the process we will also derive the lower-order
moments, some of which are in [13], as well as many other references. We use a general procedure
to allow the application to any Poisson process.
The joint characteristic function of Z = [Z; Zy... Z,]T as given by (18) can be shown to be
alw) = Bloxp(iw?Z)] = oxp | [ (explj 0] - 1) ()
SxM

where w = [wy wa ... wp]T, g(x) = [91(X) g2(X) . . . gp(x)]T, and p(A) is the mean measure of the set
A. Tt is asumed that the integral exists, which is assured if u(S x M) < oco. It can be shown by
Campbell’s theorem that

Elgi(X)] = /S  sou(dx)

and assuming this equals zero, we have that

Ya(w) = exp /SXM (exp[ijg(x)] —ijg(x) — 1) ,u(dx)]

B (w'egx)*
— exp fstkQ £ u(d)]

wlg(x))k
= exp Z/Sx/vl 7(‘] lf'( ) u(dx)]

Lk=2

with the last step justified via the Beppo-Levi theorem and the assumption that

oo

>y /SXM ‘ (ijii(X))k

k=2

u(dx) < oo

20



Next to differentiate the characteristic function it is convenient to let

o = (CF Jwigi)"
G(w, ,h>—kZV/$XM 2920 ey ()

where v > 0 so that we have
Yz (w) = exp(G(w, 2,¢))

and e(x) = 1. Note that

8G(w71/7€) _ G(w,u— 17]gm) v Z 1
Owm, G(w,0,79m) v<1

so that if the second argument of G is less than zero, it should be set to zero. Similarly, we have

0*G ,
- 9
0wy, Owy, Glw,v = 2,7"9mgn)
P3G R
m o G(w’ v—=3,] gmgngr)
oG 3
p— anawnawraws - G(w7 vV — 47] gmgngrgs).

Also we make use of the relationship

Jorrg h)u(dx) v =0
Glw,v,h)|,,_q = xM
As a result we obtain the moments as follows. They are
1 Oy
Blzn) = 12
J 0wm |w—o
1 .
1 0%,
E[ZnZn] = = s
7% OwmOwn | y_o

and

82¢z B 0 .
e welll Bl CLCOL CAR )

= ¢Z(W)G(wa O,jQngn) + ¢Z(W)G(wv 1,jgn)G(w, 1ajgm)-

Evaluating this at w = 0 produces G(0,0, j2gng,) or finally
ElZnZi) = | gn(09u(0u(dx).
SxM
The first and second moment are just Campbell’s theorem. Next
1 &y
3

FZ,Z,7Z.| = _
[ZmZn ] 7% OwmOwnOwy | y_g
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and

3, . . .
m - aw [wz w’O’Jnggn)+wz(w)G(wa17jgn)G(w717jgm)]

Uy (W)G(W, 0, 5° g Gngr) + Ya(w)G(w, 1,59, )G(w,0, 1> grmgn)
V(W) [G(w,0, 52909, )G(w, 1, jgm) + G(w, 1,79,)G(w, 0, 5° gmgr)]
z(w)G(wa17.]91“)G(w71ajgn)G(walajgm)'

- -

Finally, we have
B0 = [ gn309u(x)g: (0(a).
SXxM
The fourth-order moment is found similarly as

1 0"y

FE\Z,Z2,2.Z,| = —
ZmZnZn 2] G4 0w 0wy 0w, Ows

w=0

Note that only the third derivative terms above that have a factor of G(-,0,-) after being differen-
tiated will be nonzero when w = 0. This produces the fourth-order derivative evaluated at w = 0
of

¢z (W)G(wa 0, j4gmgngrgs) + 1P, (w)G(w7 0, j29rgs)G(W, 0, jQngn)
+  Pu(w)G(W,0,529,9:)G(w, 0, 52 gmgs) + Va(w)G(w, 0, 12 g,95)G(w, 0, 2 gmgr)

and finally we have

ElZnZ02,2)) - /8 ()01 (0 () + /S e /S o0, (x)ux)
+ /S o Jyu(dx) /S (0 (0(dx)
+ /S 0 0n(dx) /S 00 (o).

D Derivation of First-Order PDF

If

= Z gn(X

xell*

where

cos(2mfn + ¢)

gn(x) = \/m

then the characteristic function can be shown to be [13]

bxp(@) = oxp [ [ tesptio () 1) u(dx>]
s cos(anfn+ ¢>> - 1) Nop(f)pa(@)pe(@)dd dadf |

e [ [“rr ( ( —



Since ® is uniform over the interval [0, 27), by integrating over ¢ we obtain

1/2  poo a
Vx[n)(w) = exp [/0 /0 (JO <w\/)\70—/2> - 1> Aop(f)pa(a)da df]

and next integrating over f produces

Yx[n)(w) = exp [)\o /OOO (Jo <w \/;o—/2> - 1) pA(a)da]

or the characteristic function is that of a compound Poisson random variable

Uxn)(w) = exp [Ao(yr(w) = 1)]

where
o a
= [ Jo|w—— d
Yu(w) /0 0 (w\/m> pa(a)da
E Derivation of Convergence to Gaussian Random Process

Consider an arbitrary number of samples K at arbitrary times {ni,ns,...,nxg}. The characteristic

function of Z = [X[n1] X[na]... X[nk]]" was shown in Appendix C to be given by

oS GeTee
Yulw) = pLg | >]

1
Ao

where x = [f a #]” and

x[n;] = gi(x) = acos(2mfn; + ¢).

g

Thus, we have

0 1/2 poo  p2m 1 k
Inty,(w) = ;22/0 /0 /0 2l <JZ acos(27rfnz +¢)> Xop(f)pala)ps(¢)de da df
© 1/2 poo  p2m k
— z::/o /0 /0 ﬁ (jﬂgwiacos(%fm—i-qb)) p(f)pala)ps(p)de da df

1/2 o 2
_/ / / 1(]\/—Zwmcos 27rfnz+¢)> p(f)pa(a)ps(d)de dadf + O(1/\/ o)

and as \g — oo

1/2 por [ K 2
InY,(w) — —E[AQ]/O /O (Zwicos(Qani—i—qb)) p(f)pa(¢)de df
i=1

= —% > wiwj[A]

i=1 j=1
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where
1/2 por
[A],; = 2E[A?] /0 /0 cos(2m fn; + ¢) cos(2m fnj + ¢)p(f)pa(¢)do df
1/2
= B [ cosn (= n)pl)
Therefore, we have that
1/2
Al = [ cosem s = ()i

cos(2m f (n; — n;))E[A%|p(f)df

zlfﬂmWMMr%m<mﬂme#

o\
2
~
o

—1/2 2
= rx[n; —nyl.
Thus,
1
Yz(w) — exp (—inCw)
where

[Cl;; = rx[ni —ny]

and C is recognized as the covariance matrix, from which we can conclude that the random process

approaches a Gaussian random process as Ag — 00.
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