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Abstract—Motivated by the problem of demand management
in smart grids, we study the problem of minimizing a weighted-
sum of the mean delay of user demands and the power generation
cost, where the latter metric increases with both the mean and
the variance of the service demand. The state-of-the-art algorithms
for this problem are asymptotically optimal, i.e., they are optimal
only when the mean delay of user demands increases to infinity or
decreases to zero. Yet, these algorithms may perform poorly for
moderate delay, which is the regime in which most applications
operate. Hence, there is a pressing need for the design of algo-
rithms that can operate efficiently in the moderate delay regime.
We attack this challenging problem in a generic framework by
first proposing two classes of parameterized algorithms, which
include some existing policies as special instances. Then, we obtain
the optimal designs by explicitly characterizing the mean delay
and the power generation cost as a function of the algorithmic
parameters. The proposed algorithms with the optimal parameters
not only are asymptotically optimal but also outperform the
existing algorithms uniformly for all cases.

I. INTRODUCTION

Many resource allocation problems can be solved by stochas-

tic network optimization techniques to obtain asymptotically
optimal algorithms. Yet, deriving optimal control policies in

non-asymptotic regimes is quite challenging, since it typically

requires solving the optimization problem with evolving system

state information. The dynamic programming technique (e.g.

[1]) usually leads to an optimal solution, which has high

complexity and thus is not applicable in practice. In the last

decade, the powerful Lyapunov drift minimization technique

(e.g., [2], [3]) has provided systematic means to develop

efficient solutions that only depend on the current system

state. More excitingly, a class of dynamic control algorithms

has been proposed with asymptotic optimality guarantees. For

example, for energy minimization problem in time-varying

wireless networks, the existing algorithms guarantee perfor-

mance optimality in the large-delay (e.g., [4], [5]) or in the

small-delay (see [6]) regimes. However, they may perform

poorly for moderate delay, which is the regime in which most

applications operate.

This motivates us to design efficient algorithms that perform

well in both asymptotic and non-asymptotic regimes. To that

end, we consider the interesting and challenging demand man-

agement problem arising in the smart electrical grid, model it

as a stochastic queue scheduling problem, and develop efficient
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electricity procurement algorithms. We note that the results and

insights obtained in this work can be applied to more general

stochastic network optimization problems.

In practice, low variability in service and low delay are

desirable characteristics for many systems such as computer

networks, cloud computing infrastructures, and smart electrical

grid. In this investigation, we focus on the demand management

problem in the electrical grid. The demand management prob-

lem involves optimization of costs and utilities of participants

in the smart grid when demands have flexibilities such as

being deferrable in time. In particular, our goal is to utilize the

flexibility of deferrable demands to reduce variability of the

electrical load while keeping the consumer delay at moderate

levels.

The demand management problem recently attracted con-

siderable interest in the literature (e.g., [7], [8], [9], [10]). In

[7], authors employ dynamic programming to solve demand

management problem under renewable generation uncertainty,

but the optimal scheduling algorithm has high complexity. In

[8], [9], demand management problem is modeled as a queue

scheduling problem and low complexity algorithms based on

Lyapunov drift minimization techniques are developed. How-

ever, the algorithms result in highly and abruptly varying load

scheduling decisions, and they also suffer from the delay-cost

tradeoff under non-asymptotic regimes. On the other hand, the

authors of [10] propose a real-time algorithm that decreases the

variability of the grid load, nevertheless delays experienced in

demand can be quite large under the proposed algorithm.

In contrast to the previous works, we consider the mean delay

experienced by consumers in the non-asymptotic regime and

design algorithms that minimize both the cost and the variabil-

ity of the electricity procurement. We propose asymptotically

optimal load scheduling policies that outperform several key

algorithms in the non-asymptotic regime. The following items

list our main contributions along with the outline of the paper:

• In Section II, we introduce the system model for the

demand management problem that accounts for delays experi-

enced by users and the power generation cost in both long-term

and short-term timescales.

• In Section III, we first review the existing solutions to our

problem. Then, we propose two classes of efficient policies

and obtain the optimal policies within these two classes. These

optimal policies are shown to be asymptotically optimal.

• In Section IV, we perform simulations to show that

our proposed algorithms outperform the existing algorithms

uniformly for all cases.



II. SYSTEM MODEL

We consider an optimal demand management problem in the

smart grid with N customers with deferrable demands and a

utility serving these demands as shown in Fig. 1. We assume

Fig. 1. Demand management in smart grids

that each customer maintains a queue storing his/her demands

for using electricity. Let Qn[t] denote the queue length of the

nth customer’s demands in time slot t. We use An[t] and Sn[t]
to denote the amount of demand and service of the customer

n in slot t, respectively. Thus, the evolution of queue length

Qn[t] is described as follows:

Qn[t+ 1] = max{0, Qn[t] +An[t]− Sn[t]}, ∀n = 1, 2, ..., N.

We say queue n is stable if

lim sup
T→∞

1

T

T−1∑
t=0

E[Qn[t]] < ∞.

We say that the system is stable if all queues are stable.

Let S[t] �
∑N

n=1 Sn[t] be the total amount of service that is

provided in slot t. On one hand, each customer prefers to get

service as soon as possible. Hence, the larger the queue length

is, the larger the loss the customer suffers from. To model this

effect, we use Qn[t] to denote the cost associated with the nth

customer. On the other hand, power generation is subject to

costs in two timescales: long-term cost of sustaining a constant

power and short-term ramp up/down cost of changing the power

generation level. As such, we consider a cost function C(S) that

is a convex and increasing function of S. The design objective

can be expressed as

min
π∈Π

lim sup
T→∞

1

T

T−1∑
t=0

E

[
1

K

N∑
n=1

Qn[t] + C(S[t])

]
,

where K is a positive constant characterizing the relative im-

portance of the power generation cost over the cost associated

with customers, and Π denotes the class of stationary and stable

policies that govern the selection of customers to serve and

the power generation rate, and stabilize the system. Stability

condition implies that for each policy π ∈ Π, there exist

random variables Q
(π)

n , S
(π)

n and S
(π)

such that Qn[t] ⇒ Q
(π)

n ,

Sn[t] ⇒ S
(π)

n , S[t] ⇒ S
(π)

, where “⇒” means convergence in

distribution. We assume that E[C(S
(π)

)] < ∞ and E[Q
(π)

n ] <
∞, ∀n, under each policy π ∈ Π. Thus, our goal becomes

min
π∈Π

E

[
1

K

N∑
n=1

Q
(π)

n + C(S
(π)

)

]
. (1)

This problem is notoriously difficult, since the objective

involves the system state information. In the rest of the paper,

we consider a single-queue system that maintains the key

nature of the general objective and leads to a more tractable

analysis. We assume that {A[t]}t≥0 are independently and

identically distributed over time with mean λ and variance

σ2. Also, we set C(x) = x2, where (S
(π)

)2 conveniently

characterizes both average service rate and service variation,

since E[(S
(π)

)2] = (E[S
(π)

])2+Var(S
(π)

). Thus, in the rest of

the paper, we consider the following optimization problem:

min
π∈Π

1
KE[Q

(π)
] + E[(S

(π)
)2]. (2)

III. EFFICIENT ALGORITHM DESIGN AND ANALYSIS

In this section, we first review the state-of-the-art algorithms

that target to solve the optimization problem (2) and discuss

their deficiencies in various cases. This, then, motivates us to

develop efficient algorithms that not only achieve the desirable

properties of the existing schemes but also outperform them

uniformly for all cases.

A. Benchmark Algorithms

Several algorithms that are based on heuristic and existing

solutions have been proposed to solve the difficult problem (2).

Next, we present the following key algorithms and discuss their

performance.

(i) “Strawman” algorithm: Let S(strawman)[t] = A[t], ∀t ≥ 1.

Then Q(strawman)[t] ≡ 0, ∀t ≥ 1. Hence,

1

K
E

[
Q

(strawman)
]
+ E

[(
S
(strawman)

)2
]
= E[A2[t]] = λ2 + σ2.

Note that if the arrival has a high variance, then the “strawman”

algorithm yields a cost far from the optimal value and thus

performs poorly.

(ii) Energy Efficient Control Algorithm (EECA) (see [2]):

Let S(EECA)[t] = Q[t]
2K , ∀t ≥ 1. This algorithm is developed

through the Lyapunov drift minimization technique (e.g., [2],

[3]). It is shown that this algorithm can achieve the average

generation cost within O( 1
K ) of the minimum generation cost

required for network stability at the expense of network delay

growing with O(K). In [4], the authors show that the network

delay should at least grow with O(
√
K) when the average

generation cost is within O( 1
K ) of the minimum generation

cost for maintaining network stability. This indicates that the

EECA algorithm may not be optimal in the asymptotic regime

as K goes to infinity.

(3) Berry-Gallager (BG) algorithm (see [4], [5]): Let ser-

vice rate S(BG)[t] be λ+ 1
K if Q[t] > K and be max{λ− 1

K , 0},



otherwise. Note that the BG algorithm is shown to be asymp-

totically optimal. That is, it is optimal when K goes to infinity,

i.e., when the network delay goes to infinity. However, for each

K > 0, especially for small K, S(BG)[t] may change abruptly

between consecutive time slots. Intuitively, it leads to large

variation of service and thus the BG algorithm may not be a

good choice for moderate K values. Based on this intuition, we

propose the following efficient algorithms, in which the service

changes smoothly.

B. Proposed Algorithms

In this subsection, we first propose the classes of Queue-

Scaled Service (QSS) algorithms with parameter 0 < θ ≤ 1
and Queue and Arrival Scaled Service (QASS) algorithms with

parameters 0 ≤ α ≤ 1 and 0 < β ≤ 1, and then obtain their

corresponding optimal designs.

QSS algorithm with parameter θ: Let S(QSS) = θQ[t],
where 0 < θ ≤ 1. When 0 < 1

2K ≤ 1, the EECA algorithm can

be seen as a special case of the QSS algorithm with θ = 1
2K .

It is easy to show that the QSS algorithm stabilizes the

system for any arrival process by studying the drift of the linear

Lyapunov function. Hence, there exist random variables Q
(QSS)

and S
(QSS)

such that Q(QSS)[t] ⇒ Q
(QSS)

and S(QSS)[t] ⇒
S
(QSS)

.

Next, we will obtain the optimal QSS algorithm. To achieve

it, we perform a Lyapunov-drift-based analysis of the steady-

state behavior of the stochastic network (see [11]). By choosing

linear and quadratic Lyapunov functions and setting their drifts

to zero respectively, we obtain

E

[
Q

(QSS)
]
=

λ

θ
, (3)

E

[(
S
(QSS)

)2
]
= λ2 +

θ

2− θ
σ2. (4)

By substituting (3) and (4) into (2), our objective becomes

min
0<θ≤1

fQSS(θ) � λ2 +
1

K

λ

θ
+

θ

2− θ
σ2. (5)

Note that this function is convex. Also, consider

f ′
QSS(θ) =

1

K

−λ

θ2
+

2

(θ − 2)2
σ2

=
2σ2

θ2

(
θ

2− θ
+

1√
2γ

)(
θ

2− θ
− 1√

2γ

)
, (6)

where γ � Kσ2

λ is proportional to weighting parameter K and

normalized variance σ2

λ .

It is easy to check that fQSS(θ) is decreasing in the in-

terval
(
0,min

{
1, 2

1+
√
2γ

})
and increasing in the interval[

min
{
1, 2

1+
√
2γ

}
, 1
]
. Hence, the optimal solution θ∗ to the

problem (5) is

(i) If γ ≤ 1
2 , then

θ∗ = 1, (7)

f∗
QSS = λ2 + σ2

(
1

γ
+ 1

)
; (8)

(ii) If γ > 1
2 , then

θ∗ =
2

1 +
√
2γ

, (9)

f∗
QSS = λ2 + σ2

(
1

2γ
+

√
2

γ

)
. (10)

The optimal choice of θ∗ as a function of γ is depicted in

Fig. 2, which shows that as γ scales, θ∗ decays at the rate of

Θ( 1√
K
) towards zero. This indicates that the scaling of Θ( 1

K )
under the EECA algorithm may not be the best scaling for

non-asymptotic regimes (also see Fig. 3).

Also, note that as K goes to infinity, f∗
QSS converges to λ2.

For any algorithm π ∈ Π, we have

1

K
E[Q

(π)
] + E[(S

(π)
)2]

≥E[(S
(π)

)2]
(a)

≥
(
E[S

(π)
]
)2 (b)

≥ λ2, (11)

where the step (a) follows from Jensen’s inequality, and step (b)

uses the fact that E[S
(π)

] ≥ λ, since the algorithm π stabilizes

the system. Hence, the optimal QSS algorithm is asymptotically

optimal.

Yet, for a sufficiently small γ, the optimal QSS algorithm

performs worse than the strawman algorithm, which motivates

us to incorporate both the queue-length and arrival information

into the algorithm design.

QASS algorithm with parameters α and β: Let

S(QASS)[t] = αA[t] + βQ[t], where 0 ≤ α ≤ 1, 0 < β ≤ 1.

When α = 1, β = 0, the QASS algorithm reduces to the

strawman algorithm. The QSS algorithm can be seen as a

special case of the QASS algorithm with α = 0 and β = θ.

Similar to the QSS algorithm, we can show that there exist

random variables Q
(QASS)

and S
(QASS)

such that Q(QASS)[t] ⇒
Q

(QASS)
and S(QASS)[t] ⇒ S

(QASS)
.

Next, we will obtain the optimal QASS policy. By choosing

linear and quadratic Lyapunov functions and setting their drifts

to zero respectively, we have

E

[
Q

(QASS)
]
=

(1− α)λ

β
, (12)

E

[(
S
(QASS)

)2
]
= λ2 +

(
α2 + (1− α)2

β

2− β

)
σ2. (13)

By substituting (12) and (13) into (2), the objective becomes

fQASS(α, β) � λ2 +
1

K

1− α

β
λ+

(
α2 + (1− α)2

β

2− β

)
σ2.



Our goal is

min
α,β

fQASS(α, β) (14)

subject to 0 ≤ α ≤ 1, (15)

0 < β ≤ 1. (16)

We use α∗ and β∗ to denote the optimal solution to problem

(14). Let f∗
QASS � fQASS(α

∗, β∗).
Note that this function is not jointly convex in both α and

β. Hence, we solve problem (14) by minimizing over α and β
sequentially. The detailed derivation of the optimal solution is

available in Appendix A. It turns out that the optimal solution

to the problem (14) also depends on the key parameter γ:

(i) If γ ≤ 1
2 , then

α∗ = 1, (17)

f∗
QASS = λ2 + σ2.

If the arrival has a small variance, the optimal QASS

algorithm reduces to the “strawman” policy. In this case, the

generated cost is small.

(ii) If 1
2 ≤ γ ≤ 3

2 , then

α∗ =
1

2
+

1

4γ
, (18)

β∗ = 1, (19)

f∗
QASS = λ2 + σ2

(
−1

8
(
1

γ
− 2)2 + 1

)
.

If the arrival has a medium variance, the optimal QASS

algorithm becomes S(QASS)[t] = α∗A[t] +Q[t].
(iii) If γ > 3

2 , then

β∗ =
8

1 +
√
1 + 32γ

, (20)

α∗ =
β∗

2
+

2− β∗

4β∗γ
, (21)

f∗
QASS = λ2

+ σ2

(
1

128γ2
− 5

8γ
+

1

4

√
1

γ2
+

32

γ
+

1

128γ

√
1

γ2
+

32

γ

)
.

If the arrival has a large variance, the optimal QASS algo-

rithm becomes S(QASS)[t] = α∗A[t] + β∗Q[t].
Note that f∗

QASS converges to λ2 as K goes to infinity.

Combining this with the lower bound (11), we see that the

optimal QASS algorithm is also asymptotically optimal.

For sufficiently large K, both θ∗ and β∗ scale with 1√
K

(see

Fig. 2) while the EECA algorithm scales with 1
K . This is the

reason why both the QSS and QASS algorithms outperforms

the EECA algorithm.

IV. SIMULATIONS

In order to show the promise of the proposed QSS and QASS

policies, we compare their performances to those of the Energy

Efficient Control Algorithm (EECA) in [2] and Berry-Gallager

(BG) policy in [4] via simulations. The Tradeoff Optimal

Control Algorithm (TOCA) algorithm in [5] has almost the
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Fig. 2. The behavior of the optimal QSS and QASS policies

same performance as the BG policy in a single-user case, and

thus is omitted for brevity. In particular, we numerically study

the performance of the mentioned policies w.r.t. the design

parameter K and the system parameter σ2

λ which together

constitute the γ parameter in QSS and QASS policies.

We demonstrate the effect of K on the cost achieved in

Fig. 3. In the corresponding simulations, the arrival process

is Poisson distributed with λ = 10, hence σ2

λ = 1 and γ = K.

The minimum achievable cost is λ2 = 100, which is a trivial

lower bound for problem (2). In Fig. 3, we observe that QASS

policy performs best among all policies in all regimes, including

the moderate delay regime, and it asymptotically achieves the

optimal objective value. Although the BG policy also achieves

optimal cost asymptotically, it is outperformed by QASS in the

whole delay range and by QSS in the larger delay regime. As

expected, QSS performs worse than the strawman policy when

γ is small.
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Fig. 3. Cost comparison of the proposed and the existing policies w.r.t. K.

Arrivals are Poisson distributed, hence σ2

λ
= 1.

The impact of the variability of the arrival process is demon-

strated in Fig. 4. The arrivals follow Gaussian distribution with

values projected onto the non-negative real-line. The mean is

set to be fixed at λ = 10, and standard deviation is varied

between the simulations to obtain a range of different σ2

λ values.

In Fig. 4, we observe that both QASS and QSS policies

are fairly robust against the variations in σ2

λ ratio, while the

cost values achieved by EECA and BG policies increase with



σ2

λ . Furthermore, QASS performs consistently better than the

other policies over the whole range of σ2

λ values. Note that,

even though the cost of the Strawman policy is λ2 + σ2 and

decreases down to the lower bound λ2 with decreasing σ2

λ ,

QASS outperforms the Strawman policy since it is a special

case of our QASS policy with β = 0.
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Fig. 4. Cost comparison of the proposed and the existing policies w.r.t. σ2

λ
.

K = 20 and arrivals are Gaussian distributed with mean 10.

The above comparisons suggest gains in the mean cost of

service achieved by our policies as measured in (2). Another

metric of interest for service cost is volatility that measures

temporal fluctuations of service, which will be part of our future

investigations.

V. CONCLUSION

In this paper, we explore the tradeoff between the mean delay

and the average service cost. Early works focus on the efficient

algorithm design in the asymptotic regimes, i.e., when the delay

goes to infinity or zero in the energy minimization problem

in time-varying networks. These algorithms may not perform

well in most applications that require moderate or low delay,

hence this motivates us to design efficient algorithms for the

non-asymptotic regimes. To that end, we propose two classes

of parameterized algorithms based on queue length and arrival

information, and obtain the optimal algorithms within these two

classes. Both of the resulting algorithms with the optimized

parameters not only are asymptotically optimal but also exhibit

improved performance over the traditional schemes in all cases.

For a quadratic service cost function, our investigations reveal

the optimality of an alternative scaling of Θ( 1√
K
) for the design

parameter as a function of the delay weight K instead of the

existing scaling of Θ( 1
K ). This suggests the significance of

refined parameter selection to better manage the non-asymptotic

operation. In the future, we will seek a tighter lower bound

and determine whether the proposed algorithms have a constant

efficient ratio independent of the arrival statistics. Also, we will

extend our results to the multi-user case.
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APPENDIX A

DERIVATION OF OPTIMAL SOLUTION TO PROBLEM (14)

h(β) = min
0≤α≤1

fQASS(α, β)

=

{
λ2 + σ2 if β ≤ 1

2γ ;

λ2 + σ2
(

1
γ

2−β
2β − 1

γ2
2−β
8β2 + β

2

)
if β > 1

2γ .

α∗ =argmin
0≤α≤1

fQASS(α, β) =

{
1 if β ≤ 1

2γ ;
β
2 + 1

γ
2−β
4β if β > 1

2γ .

h′(β) =

{
0 if β ≤ 1

2γ ;

σ2
(

1
γ2

1
2β3 −

(
1
γ + 1

8γ2

)
1
β2 + 1

2

)
if β > 1

2γ ,

=

{
0 if β ≤ 1

2γ ;
σ2

2β3

(
β − 1

2γ

)
(β − β1) (β − β2) if β > 1

2γ ,

where β1 �
√

1
16γ2 + 2

γ − 1
4γ and β2 � −

√
1

16γ2 + 2
γ − 1

4γ .

Note that β1 > 1
2γ when 1 ≥ β > 1

2γ , so h(β) is decreasing

in the interval (0,min {β1, 1}) and increasing in the interval

[min {β1, 1} , 1]. Hence, if β1 < 1, i.e., γ > 3
2 , then

β∗ =β1 =

√
1

16γ2
+

2

γ
− 1

4γ
=

8

1 +
√
1 + 32γ

, (22)

α∗ =
β∗

2
+

1

γ

2− β∗

4β∗ . (23)

If β1 ≥ 1, i.e., γ < 3
2 , then, β∗ = 1. In this case,

α∗ =argmin
0≤α≤1

fQASS(α, β) =

{
1 if γ ≤ 1

2 ;
1
2 + 1

4γ if γ > 1
2 .

(24)
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