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Abstract—In this paper, we study the design of joint flow rate
control and scheduling policies in multi-hop wireless networks for
achieving maximum network utility with provably optimal conver-
gence speed. Fast convergence is especially important in wireless
networks which are dominated by the dynamics of incoming and
outgoing flows as well as the time sensitive applications. Yet,
the design of fast converging policies in wireless networks is
complicated by: (i) the interference-constrained communication
capabilities, and (ii) the finite set of transmission rates to select
from due to operational and physical-layer constraints.

We tackle these challenges by explicitly incorporating such
discrete constraints to understand their impact on the convergence
speed at which the running average of the received service rates
and the network utility converges to their limits. In particular,
we establish a fundamental fact that the convergence speed of
any feasible policy cannot be faster than Q (1) under both the
rate and utility metrics. Then, we develop an algorithm that
achieves this optimal convergence speed in both metrics. We also
show that the well-known dual algorithm can achieve the optimal
convergence speed in terms of its utility value.

These results reveal the interesting fact that the convergence
speed of rates and utilities in wireless networks is dominated by
the discrete choices of scheduling and transmission rates, which
also implies that the use of higher-order flow rate controllers with
fast convergence guarantees cannot overcome the aforementioned
fundamental limitation.

I. INTRODUCTION

Wireless networks are expected to serve users in an efficient
and fair way, which requires careful flow control and inter-
ference management among simultaneous transmissions. These
design goals can be achieved by solving the Network Utility
Maximization (NUM) problem, where the utility of long-term
average flow rates is maximized under stability constraints.
Moreover, it is desired that these optimal solutions are reached
rapidly due to the dynamic nature of flows and the time-
sensitive nature of many wireless applications.

However, the design of controllers with fast convergence
speed in most wireless networks is complicated by two natu-
ral constraints: (i) interference constraints leading to discrete
link scheduling choices; and (ii) a finite set of choices for
the transmission rate selection over the scheduled links. The
latter constraint is caused by both digital communication (e.g.,
modulation, coding, etc.) and hardware design principles. For
example, in IEEE 802.11b standard, there are four transmission
rates: 1Mpbs, 2Mpbs, 5.5Mpbs and 11Mbps.
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Previous works mainly focus on the design and analysis
of policies with optimal /imiting behavior. A large body of
works (e.g. [1], [2], [3], [4], [5], [6]) has utilized dual and
primal-dual methods to develop cross-layer policies with long-
term optimality guarantees. Such solutions are amenable to
distributed implementation due to their natural decomposition
into loosely coupled components. However, being first-order
methods, they suffer from the slow convergence speed shared
by all such methods (e.g. [7], [8], [9]).

This speed deficiency of dual methods has recently spurred
an exciting thread of research activity in the design of dis-
tributed Interior Point (e.g. [10]) and Newton’s (e.g. [11],
[12], [13]) methods for network utility maximization. However,
these works do not incorporate two aforementioned features of
wireless networks, namely the discreteness in the scheduling
and transmission rate selections. We explicitly incorporate these
intrinsic characteristics of wireless networks in our analysis and
algorithm design. To the best of our knowledge, this is the first
work that systematically analyzes and designs algorithms in
terms of their converge speed in wireless networks with such
discrete constraints. Next, we list our main contributions, along
with references on where they appear in the text.

e We show that the convergence speed! at which the running
average of the received service rates (see Section III-A) and
their utility (see Section III-A) over T time slots cannot be
faster than €2 ( %) . This fundamental limitation on the conver-
gence speed is due to the discreteness of the transmission rates.

e We develop a generic algorithm that can work with
a range of flow rate controllers, and achieves the optimal
convergence speed in both rate (see Section III-B) and utility
(see Section IV-B) metrics.

e Somewhat surprisingly, we also show that even a first-order
method such as the well-known dual algorithm can achieve the
aforementioned optimal convergence speed in terms of its utility
value (see Section IV-C).

e These results collectively reveal that, under wireless net-
works subject to discrete scheduling and rate constraints, the
convergence speed of cross-layer algorithms is dominated by
the convergence speed of the scheduling component, and not
the flow rate controller. As such, the speed improvements in
the flow rate convergence, unfortunately, cannot extend to the
received service rates or utilities in wireless networks. On the
bright side, however, with careful design we can achieve the
optimal convergence speed under such constraints.

The following standard notations are used to describe the rates of growth
of two real-valued sequences {ay} and {b,}:an = O(by) if Ic¢ > 0 such
that |an| < c|bn|: an = Q(bn) if b = O(an).



II. SYSTEM MODEL

We consider a multi-hop fading wireless network with a set
L =1{1,2,..., L} of links that operates in a time-slotted fashion,
where all links transmit at the beginning of each time slot
subject to interference constraints. Due to modulation, coding,
as well as other practical constraints, each link has to transmit
at one of a finite set of rates’>. We use S[t] = (S[t])L, to
denote the service rate vector offered to the links in slot ¢,
which must be selected from a feasible set of transmission rates
at the time. The feasible set, in turn, depends on the network
fading state and the interference constraints amongst the links.
Using J to denote the set of global channel states (with finite
cardinality), we let 87 denote the set of feasible service rate
vectors when the channel is in state j € J. We assume that
the fading process is stationary and ergodic with 7; denoting
the stationary probability of the channel state being in state j.
Then, the capacity region can be defined as

RED 7 CH{S},
JjeT

where CH{.A} denotes the convex hull of the set 4. We
note that R is a polyhedron due to the discreteness of the
transmission rate choices, and hence can be written as R =
{y > 0: Hy < b}, where y € R* and H is some positive
matrix. Note that H has L columns and the number of rows in
H is equal to the dimension of b associated with the number
of interference constraints. As a special case, when |J| = 1
we obtain the non-fading scenario.

To capture the heterogeneous and potentially inter-dependent
preferences of users, we define a utility function U : Ri — Ry
that measures the total network utility when link [ receives an
average service rate of r;, where r = (rl)l_ We assume that
U(r) to be a strictly concave function that is non-decreasing
in each coordinate. The objective of Network Utility Maxi-
mization (NUM), then, is to design a congestion control and
scheduling algorithm such that the average service rate vector
r solves the following optimization problem:

Definition 1: (Network Utility Maximization (NUM))

ey

max U(r) (2)
r:(rl)lel
Subject to r € R, 3)
where R is defined in (1). o

The strict concavity of U(-) together with the convexity of
R guarantees the uniqueness of the solution of NUM, which
is denoted as r* = (r])L_,. Also, due to the non-decreasing
nature of U(-), r* must lie on the boundary of R.

It is important to note that r* is the optimal average offered
service rate to the links. The purpose of the flow rate controller,
however, is to determine the optimal injection rate of traffic
into the network while maintaining network stability. To define

2For example, IEEE 802.11a standard uses OFDM transmission technique
and can support rates in Mega bits per second selected from the finite set {6,
9, 12, 18, 24, 36, 48, 54}; In CDMA2000 1xEV-DO specification, the forward
link transmission rate in kilo bits per second is chosen from the finite set
{38.4,76.8,153.6,307.2,614.4,921.6, 1228.8, 1843.2, 2457.6 }.

network stability more rigorously, let );[t] denote the queue-
length at link [ € £ at the beginning of slot ¢, let X;[t] denote
the amount of injected data into Queue-/ in slot ¢ under a given
Sflow rate controller, and recall that S;[t] denotes the service rate
offered to link / in slot ¢ under a given scheduler. Then, the
evolution of @; can be expressed as

Qut+1] = (Qult] +Xi[t] - Sift]) T,

where (y)* £ max{0,y}, and Queue-/ is said to be stable if

t>1,

limsup — T ZE Q1[t]] < oo, ()

T—o0

and the network is stable if all queues are stable.

In this work, we are interested in the convergence speed
of a broad class of joint flow rate control and scheduling
policies P that are both stabilizing and asymptotically rate
optimal. To define this class of policies abstractly, we introduce
the parameter e > 0 as a generic term to characterize the
performance of the joint policy under specific design choices.
Accordingly, the average injection rate of a given policy under
parameter € lies in a set ?(E). Similarly, we will use the
superscript (<) over (Qi[t])i, (X1[t])1, (Si[t]):, etc. to express
the queue-lengths, injections, offered service rates, etc. under
the policy with parameter €. The stability condition requires
that ?(E) C R for all ¢ > 0, and the asymptotic rate
optimality condition requires that lim, o T = {r*}, ie., the
asymptotically optimal policy achieves the optimal service rate
vector in the limit. Thus, the parameter e captures the closeness
of the injection rate to the optimal service rate r* under the class
of joint policies parametrized by €. We note that this abstraction
includes a wide range of joint control and scheduling policies
in the literature. For example, in the well-known subgradient-
based designs (e.g., [11, [2], [3], [4], [5]) the generic term €
maps to the particular design parameter that corresponds to the
step-size on the subgradient iteration.

The stability condition of the joint flow rate control and
scheduling policies in P implies that the running average of
departures over time must also converge to the set® X' © . Since
the running average of departures* up to time 7 is the real
measure of received service until that time, we are interested
in its convergence speed to ?(E) To be more precise for the
policy with parameter ¢ we use D( )[ ] & mm( [ 1, Qle)[ t])
to denote the departures in slot ¢ for link | € L, and define its
running average until T'> 1 as

é TZD(E)

and use 4 [T] & (El(é) [T]);. Next, we introduce the metrics of

interest in our study of convergence speed, both in the running

vie L, 5)

3Note that the convergence of a sequence to a set is the convergence of its
minimum distance to the set.
4Due to the discreteness of transmission rate choices, it is unlikely that the

departure rate in slot 7" converges to the set ?(6), as T increases.



average departure rate and its corresponding utility value.
Definition 2: (Metrics of Interest) For any policy in P

-\ €

with parameter €, we define the rate deviation ¢(H(E) [T, X" )
between H(E)[T] and the set X' at time 7" as
o@ @2 e [am-x|.  ©
%) ex®

and the utility benefit received until time T as U(a(e) (7)),
where ||y|| is the I3 norm of the vector y. o
In the rest of paper, we will: (i) establish fundamental limits

on the speed at which ]E[¢>(H(€) [T],?(e))] converges to zero as
T increases (Section III-A); (ii) develop joint flow control and
scheduling policy with provably optimal convergence speed in
terms of rate deviation (Section III-B); (iii) derive fundamental
limits on the speed at which the utility benefit converges to
the optimal utility value of NUM when sources of randomness
are eliminated (Section IV-A); and finally (iv) show that our
proposed algorithm, as well as the well-known dual algorithm,
achieves the optimal convergence speed in terms of utility
benefit (Section IV-B,IV-C).

III. CONVERGENCE SPEED IN RATE DEVIATION

In this section, we study the optimal convergence speed in
terms of rate deviation over wireless fading channels. To that
end, we first give the fundamental lower bound on the expected
rate deviation for any algorithm. Then, we provide an algorithm
that can achieve this lower bound and establish the optimality
of the proposed algorithm.

A. A lower bound on the expectation of rate deviation

In this subsection, we show that for any policy in P, the
convergence speed of expected rate deviation is () (%) To
that end, we need the following integer assumption on the
transmission rate, which measures the number of packets that
can be transmitted in one time unit.

Assumption 1: Each feasible service rate vector S[t] is
nonnegative-integer-valued and bounded with S;[t] < B for
some positive integer number B, that is, each link can service
1 packets depending on the channel fading condition and the
interference constraints, where i = 0, 1,2, ..., B. o

Before introducing our main results, we provide an example
that will give us some insights. Consider an independently and
identically distributed (i.i.d.) Bernoulli random departure rate
sequence with mean 0.5. Figure la shows one realization of
this random departure rate sequence. From this figure, we can
see that ¢(d[T’],0.5) hits O for some 7', and is always non-zero
when T is odd. The subsequence {¢(d[T%],0.5) : T} is odd}
is always lower-bounded by ﬁ. In fact, all sample paths of
subsequence {¢(d[T}],0.5) : T} is odd} are always bounded
below by ﬁ, as we will shown in Proposition 1. This key
fact also implies that the convergence speed of the subsequence
{E[¢(d[Ty],0.5)] : Ty is odd} cannot be faster than as
shown in Figure 1b.

This simple example suggests that the discreteness in the
choice of elements in the sequence exerts a fundamental
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Fig. 1: The convergence speed of an i.i.d Bernoulli sequence.

limitation on speed with which its running average over time
can approach its limit. In what follows, we will show that
this observation indeed holds even in the wider context of a
multi-hop fading wireless network with a finite selection of
transmission rates.

Next, we give the following key lemma, which will also be
useful in the later section.

Lemma I1: Let T 2 {a1,as,...,ax}, where 0 < a1 < ag <
... < ag and K is some positive integer. If b € (a;,a;41) for
some i = 1,..., K — 1, then for any sequence {I[t] : I[tL €
T}i>1, there exists a constant ¢, € (0, min{25%, 2=1=2))
such that if | % 327 T[t] — b < &, then

;T o
—_— I[t] —0b| > . 7
D SLCET PN

Remark: Note that K can be as large as oc.
Proof: See Appendix A for the proof. [ ]

Proposition 1: Under Assumption 1, for any policy in P

with parameter e, if the closure of set X" does not contain a
vector with all integer-valued coordinates, then the convergence
speed of the expected rate deviation to zero is €2 (%), i.e., there
exists a strictly positive constant ¢ and a positive integer-valued

sequence {7} }7° ; such that
— (€ i c
0@ ). ®7) > =
k

holds for any sample path of departure rate vector sequence
{D©[t]}+>1, which also implies that

E[p(d"|

Vk > 1, ®)

>
=T
Remark: If r* has at least one non-integer-valued coordinate,
then the condition for Proposition 1 holds when ¢ is sufficiently
small. Moreover, since the region R is compact, there are
finitely many rate vectors with all coordinates being integer
in R. Thus, Proposition 1 holds in almost all cases.
Proof: See Appendix B for the proof. [ |
Proposition 1 indicates that the discrete structure of the
transmission rates intrinsically limits the convergence speed
for any algorithm in class P. Thus, the search for higher-
order numerical optimization methods cannot overcome this
fundamental limitation in wireless networks. Despite pessimism
of this observation, we are still interested in designing an

T], @] VE > 1. )



algorithm that can achieve this fundamental bound and establish
the optimality of this algorithm in terms of its convergence
speed. To that end, we define the rate deviation optimality for
an algorithm in class P.

Definition 3: (Rate Deviation Optimality) An algorithm in
class P with parameter € is called rate deviation optimal, if its
departure rate vector sequence {D()[t]};> satisfies

F(f)

Ep@m® )<L vz, a0

where Fl(é) is a positive constant and a [T] is defined in (5).
Next, we propose an algorithm with rate deviation optimality.

B. A Rate Deviation Optimal Policy

In this subsection, we propose a rate deviation optimal
algorithm with parameter € > 0 that converges to the injection
rate X(¢) solving the following optimization problem.

Definition 4: (e-NUM)

max U(r) (11)
r:(rl)lel
Subject to r € R, (12)

where R(9) 2 {y > 0: Hy <b —¢}.

Since U is strictly concave and R (¢ is convex, () is unique.
In addition, as € — O, x(©) converges to the optimal rate vector
r*. Without loss of generality, we assume ||X(¢) — r*|| < p(©),
where lim, g p'9 = 0. The relationship between R() and R
in two-dimensional case is shown in Figure 2.

A

.
|

Fig. 2: The relationship between R() and R.

Each link maintains a data queue and a virtual queue. Let
Yl(e)[t] denote the virtual queue length at link [ in each slot ¢.

Algorithm 1: (Rate Deviation Optimal (RDO) Algorithm
with parameter ¢): At each time slot ¢,

Flow control: {x(9)[t] = (xl(e) [t])i}i>1 is a sequence gen-
erated by a numerical optimization algorithm solving e-NUM.
Note that x(9)[t] € R() V¢ > 1.

Arrival generation: For each link [,

(1) If t = 1, then X(E)[ t] = B;
) else if Zt Ix 6)[] < Y2l then X[t = B;
Xl(e)[ t] = 0, otherwise.

Then, inject X, (e )[ t] packets into each data queue [ and increase
virtual queue length ¥\ [t] by /) [1].
Scheduling: Perform Maximum Weight Scheduling (MWS)
algorithm among virtual queues, that is,
SOl € v,

argmax (13)

n=(m)f €871 4

where J[t] € J denotes the channel state at time ¢. Use S(<)[{]
to serve data queues.

Queue evolution: Let Ql(e)[l] = Yl(ﬁ) [1],VI, and for ¢ >
2, update the data queue length and virtual queue length as
follows:

.
i1 = (71 + X1 - s01) o ae
O +1)= (YO +o0 - 501) v ()

Remarks: (1) Recent advances in the design of distributed New-
ton’s method (e.g, [12], [13]) show the promise in generating
sequence {x(9)[t]};>; in quick and distributed way. In addition,
we can also use Gradient Projection method to solve e-NUM.

(2) The purpose of maintaining the virtual queue is to help
show the stability of data queues. In fact, directly performing
MWS among data queues does not hurt the convergence speed,
as we will see in the simulations. However, the Lyapunov
drift argument to show the stability of the proposed algorithm
does not work in such a case, since the deterministic arrivals
are alternating between 0 and B, which leads to the potential
positiveness of the one-step Lyapunov drift given the current
queue length state.

Data queue Q/,”[1]
S

X714 :[[

Virtual queue Y,”[1]

(¢, 5
X7l Arrival

Generation

S [f ]

»
g

Perform MWS among virtual queues

Fig. 3: The operation of the RDO Algorithm at link [.

Figure 3 shows the operation of the RDO Algorithm at
link [. Next, we show that the RDO Algorithm can achieve
rate deviation optimality if the generated sequence {x()[t]};>1
converges fast enough. To that end, we need the following
lemma exhibiting that the generated arrivals closely track the
generated sequence {x(9)[t]};>1.

Lemma 2: For each link [, we have

T
S Xt - 27 18))
t=1

Proof: The proof follows by induction. Please see our
technical report [14] for details. [ |
Based on Lemma 2, we can show that for each link, the data
queue length is upper-bounded by the sum of some constant

<B, VT>1. (16)




and the virtual queue length for all sample paths, which is
useful in establishing the rate deviation optimality of the RDO
Algorithm.

Lemma 3: For each link [, the data queue length is upper-
bounded by the sum of the virtual queue length and 25 for all
sample paths, i.e.,

QT <v[T)+2B, VT >1, (17)

holds for all sample paths.
Proof: The proof follows from Lemma 2 and the Lindley’s
equation

T-1 T-1
O = ) (€)
o 7] —1;,513%_1{2& -> S [t],o}. (18)
t=k t=k
Please see our technical report [14] for details. ]

We are now ready to establish the rate deviation optimality
of the RDO Algorithm.

Proposition 2: For the RDO Algorithm with parameter € >
0, as long as the flow controller satisfies %Z;[:l [|x([t] —
E(E)H < L1 for all T > 1, the generated link departure
sequence {D()[t]};> satisfies

K\
T 3

E[¢@"[1],x)] < VT >1,  (19)
where K; and K fe) are some positive constants.

Remark: {x\9)[t]};>1 generated by the distributed Newton’s
method (e.g., [11], [12], [13]) satisfies the condition for Propo-
sition 2.

Proof: We first give an upper bound on the expected
rate deviation by using triangle inequality. Then, we show the
boundedness of the virtual queue length by using Lyapunov
Drift argument, which implies the boundedness of the data
queue length by using Lemma 3. Finally, the result follows
by using Lemma 2 and the condition that the flow rate vector
converges fast enough. The detailed proof can be found in our
technical report [14]. [ |

Proposition 3: For the RDO Algorithm with parameter € >
0, if at least one coordinate of X(¢) is a non-integer and the same
condition in Proposition 2 holds, then the RDO Algorithm is
rate deviation optimal (cf. Definition 3).

Proof: The result directly follows from Propositions 1, 2
and the definition of rate deviation optimality. [ |

So far, we have observed that the discrete choice of trans-
mission rates significantly limits the convergence speed to
Q(%) and provided an algorithm that can achieve the optimal
convergence speed in terms of rate deviation. In [15], the
authors showed that for dual algorithm, the convergence speed
of the running average of primal variables over 7' slots can
be as fast as (2 (%) in terms of utility benefit. To the best
of our knowledge, there does not exist a convergence speed
analysis of dual methods in terms of rate deviation metric due
to the non-smoothness of the dual function (see [16]). This
motivates us to investigate the optimality of dual algorithm in
terms of its convergence speed of the utility benefit metric under
additional assumptions of non-randomness. These assumptions

are necessary to establish the fundamental upper bound on the
utility benefit under random environment, since the aggrega-
tion over links and the randomness (such as random arrivals,
randomized scheduling or channel fading) distort the discrete
structure. Thus, we focus on the deterministic system in next
section, where there is no randomness in the system. It is still
quite difficult and non-trivial to establish the convergence speed
optimality in terms of utility benefit in such a system.

IV. CONVERGENCE SPEED IN UTILITY BENEFIT

In this section, we first establish the fundamental upper
bound on the utility benefit for any algorithm in the deter-
ministic system. Then, we show that both deterministic version
of the RDO Algorithm and the well-known dual algorithm can
achieve this upper bound and establish their optimality under
utility benefit metric.

A. An upper bound on the utility benefit
In this subsection, we establish an upper bound on the

utility benefit U(a(e) [T]) for any algorithm in class P with
parameter €. We do not require the integer Assumption 1 for
the deterministic system. Without out loss of generality, we
assume that each link has a finite set of transmission rates
F 2 {ay,az,...,ag}, where 0 < a; < az < ... < ap. To
establish the fundamental upper bound on the utility benefit,
we need the following assumption on the scheduling:

Assumption 2: Each link with queue length less than ap is
not to be scheduled. o
Remark: This scheduling assumption helps establish the funda-
mental bound on the utility benefit. Removing this assumption
does not speedup the convergence, which is validated through
simulations in our technical report [14].

We also need the following assumptions on the utility func-
tion:

Assumption 3: (1) The utility function U(r) is additive,
that is, U(r) = Zle Ui(ry), where Uj(y) is a concave and
non-decreasing function of y;

(2) hmin < U[(y) < hmax, V% where 0 < hmin < hmax < 005
(3) _ﬁmax S Ulll(y) S _ﬁminv Vy, where 0 < 5min < 5max~ ¢
Examples of such utility functions include U, (y) = log(y + )
and U;(y) = %, where m and ~y are positive constants.
Now, we are ready to establish the fundamental upper bound

on the utility benefit for any algorithm in class P.

Proposition 4: (1) Under Assumption 2 and 3, for any § €
(0, maxyer ||r — r*||) and any policy in P with parameter e,
there exists a constant c¢'\°) > 0 and a positive integer-valued
sequence {1} }7° , such that

(20)

—(e 1 ) ()
U@ S UE) = 5V’ — T VT < T

where H 2 \/L(2a5Bmax + hmax)-

(2) If we further have ZzL:1 U/ (rf)r] ¢ H, then there exists
a sequence {c(®}s-o such that ¢(® £ limgocl® > 0 and
lims o % = 00, and (20) becomes
<0)

.’

()

U@m) <UE*) - VE>1, (@)



where H = {Zle Ul(ri)L :I=(L)E, eRand I, € F, Vl}.

Remark: The finiteness of the set F implies that the set H
also has a finite number of elements. Thus, it is unlikely that
S, Uj(rf)ry is in the set H in practice.

Proof: The proof starts by finding a proper rate vector
r(® € R depending on parameter §. Then, we establish the
relationship between the utility benefit and U (r(®)) by using the
first-order optimization condition. Finally, by properly finding
the intrinsic discrete structure, we have the desired result. Please
see our technical report [14] for more details. [ |

The first part of Proposition 4 establishes a fundamental
bound on how close the utility benefit can be to the optimal
utility level within a finite range of time. The second part, then,
shows that, under an additional mild assumption on r*, the
range over which the bound holds can be made to extend to
infinity by letting the error go to zero. To illustrate the nature
of this result, Figure 4 shows the utility benefit of an algorithm
in class P over time. It shows that the utility benefit repeatedly
falls below the fundamental bound until time %, which, from
the second part of the proposition, goes to infinity as d vanishes.

A
U(?l“"[T]) —— Upper Bound
—#— One possible utility benefit
U (%) Lo
U(r*) _%ﬂmiu ﬁéz A

Fig. 4: The utility benefit of an algorithm in class P.

Note that it is impossible for any policy in class P with
parameter ¢ > 0 that (20) holds for all 7" > 1, since the
“good” policy (e.g., where € is sufficiently small) can achieve
the optimal value at arbitrary accuracy and thus U(a(é) [T]) will
exceed U(r*) — % BrninV/L6? eventually. In addition, inequality
(21) implies that the utility benefit of any algorithm cannot
be beyond the optimal value. Thus, these fundamental upper
bounds on the utility benefit motivate the definition of utility
benefit optimality of an algorithm given next.

Definition 5: (Utility benefit optimality) For any § > 0,
an algorithm in class P with parameter € > 0 is called utility
benefit optimal, if its generated departure rate vector sequence
{D©[t]}+>1 satisfies

A
(©
[

§
ﬁmmxf 0% — 2 vT < F”,

(22)

ud 1)) >U(x*) -

where Fi9 > 0 and F” > 0 with lims_o F,") = oc. o

Next, we first investigate the utility benefit optimality of the
deterministic version of the RDO Algorithm.

B. The utility benefit optimality of the RDO Algorithm

In this subsection, we show that the deterministic version of
the RDO Algorithm is utility benefit optimal under Assump-
tions 2 and 3.

The deterministic version of the RDO Algorithm works as
follows:

Algorithm 2: (Deterministic RDO (DRDO) Algorithm
with parameter ¢ > 0): At each time slot ¢,

Flow control: {x(9)[t] = (:cl(e) [t])i}+>1 is a sequence gener-
ated by a numerical optimization algorithm solving e-NUM.

Arrival: Inject :cl(e) [t] amount of data into each queue [;

Scheduling: Perform the MWS algorithm among links
whose queue length are no less than ap, that is,

€ (5) .
S[t] € argmax ZQ L 0@ zapy ™ (23)
n=(m){_, €R 1=
Queue evolution: Update the queue length as follows:
QI+ 1= (@M + a1 - STV @)

Next, we give a lower bound of the DRDO Algorithm under
utility benefit metric.

Proposition 5: Under Assumption 3 on the utility function
U, for the DRDO Algorithm with parameter ¢ > 0, if
LS Ix@O[] —x) < B2 forall T > 1, then its departure
sequence {D()[t]};>, satisfies

VL hmax K57

U@T) 2 UE") = o VLpl) = 2000

NT > 1,
where Ko and K éé) are some positive constants.

Proof: The proof first establishes the connection between
the utility benefit of the DRDO Algorithm and its rate deviation
by using the concavity of the utility function. Then, we establish
the upper bound on the rate deviation by using similar technique
in Proposition 2. The details can be found in our technical
report [14]. [ |

Proposition 6: Under Assumptions 2 and 3, the DRDO
Algorithm is utility benefit optimal (c.f. Definition 5), 1e for
any 6 > 0, by choosing € > 0 such that p(® < ﬁm’“ , the
DRDO Algorithm can achieve the upper bound in (20)a

Proof: The proof immediately follows from Propositions
4, 5 and the definition of utility benefit optimality. [ |

Next, we study the utility benefit optimality of the well-
known dual algorithm.

C. Utility benefit optimality of dual algorithm

In this subsection, we establish the utility benefit optimality
of the well-known dual algorithm (e.g., [1], [2], [4], [5]). The
dual algorithm can be obtained by Lagrangian relaxation and
naturally decomposes the network function into the two main
components: the congestion control and the scheduling. Next,
we give the definition of the dual algorithm for completeness.



Definition 6: (Dual Algorithm with parameter ¢ > 0):
Flow control: Given Q(9)[t] = ( (E)[ t])~_,, solve the follow-
ing optimization problem:

(25)

ZQ(E) Jw;

Scheduling: Perform MWS algorithm among links whose
queue length are no less than ap, that is,

x[t] € argmax -
0<w<M 6

SO € argmax ZQf) (@ zap) M5 (20)
n= (nl)L 1€Rl 1
Queue evolution:
Qe +11= @7 + =7 = 7). @)
where M is the maximum allowable input rate. o

The Dual Algorithm also uses the scheduling assumption as
the DRDO Algorithm that does not schedule links with queue
length less than ap, which helps establish its utility benefit
optimality. However, removing this scheduling constraint does
not improve the convergence speed, which is validated through
simulations in our technical report [14].

We are now ready to give the convergence speed of the Dual
Algorithm in terms of utility benefit.

Proposition 7: For the Dual Algorithm with parameter € >
0, the generated departure sequence {D()[t]};>; satisfies

€

U(H“’m) > U() — o[ QUM — S (M7 + 303,

2T

where G© £ VW + % and W 2

(822 + 2) La,.

Proof: The proof first shows the boundedness of queue
length at all times for each link. Then, we establish the
relationship between the utility benefit and the utility of the
running average of flow rate vector sequence. By using similar
technique in [15], we can give the lower bound on the utility of
the running average of flow rate vector sequence. Note that the
scheduling component in our setup makes our analysis more
challenging than that in [15]. Please see our technical report
[14] for details. [ |

From (28), we can see that the utility benefit U (H(E) [T])
converges to the optimal value U(r*) within error level
L (M? + 3a%) with the speed of €2 (4). When the parameter
€ decreases, the error level will decrease in the price of the
slower convergence speed. Next, we establish the utility benefit
optimality of the Dual Algorithm.

Proposition 8: The Dual Algorithm is utility benefit opti-
mal (c.f. Definition 5), i.e.,, for any § > 0, by choosing

e < % the Dual Algorithm can achieve the upper
bound in (20).

Proof: The proof directly follows from propositions 4, 7
and the definition of utility benefit optimality. [ |

(Bn;ax + 2) LM2 +

V. SIMULATION RESULTS

In this section, we consider a single-hop network topology
with L = 5 links in both non-fading and fading channels.
In each time slot, at most one link can be active. We take
the additive utility function with Uj(y) = log(y + v),Vl,
where v = 1078, for both non-fading and fading scenarios.
Recall that this function satisfies Assumption 3 on the utility
function to establish the utility benefit optimality of both
DRDO Algorithm and the Dual Algorithm. For the non-fading
scenario, each link has a fixed rate and the link rate vector
is p = [0.8,0.4,0.6,0.5,0.3]. For the fading scenario, each
link suffers from ON-OFF channel fading independently and
the link ON probability vector is also p. For DRDO and RDO
algorithms with parameter €, we use Newton’s method (see [8])
to generate sequence {x(9)[t]};>1 that satisfies the condition for
Proposition 2.

A. Non-fading scenario

In this subsection, we mainly investigate the impact of
parameter € on the performance of the Dual Algorithm and
compare it with the DRDO Algorithm with e = 0. In our
technical report [14], we also study the impact of ¢ on the
performance of the DRDO Algorithm and observe that € does
not have significant influence on the convergence speed under
both utility benefit and rate deviation metrics, but has significant
impact on the closeness to the optimal value.

_
e B o
= EL.] [e Dual with e=20
B o e Dual with &=5
2" ; = ons Dual with e=1

0 (~=— Dual with =20 5 ™ 1t e=
< {-e— Dual with =5 = v Dual wnh £=0.1
< |+ Dual with e=1 = -+ DRDO with &=0
£ |+ Dual with £=0.1 3 oo

=

=i |<— DRDO with ¢=0) L

T T T T 0.00-4
; g o o [ oo pm

Time step T Timestep T

(a) Utility benefit convergence (b) Rate deviation convergence

Fig. 5: Dual Algorithm Performance with varying e.

Figure 5a and 5b show the impact of parameter € on the
convergence speed of the Dual Algorithm. From Figure 5a, we
can observe that when € is too large (e.g., € = 20), the utility
benefit cannot converge to the optimal value. From Figure 5b,
we can see that the convergence under rate deviation metric
requires much smaller € than that under utility benefit metric.
Here, it is worth mentioning that the large € (e.g., € = 1)
can still lead to the convergence to the optimal value under
both metrics of interest. This is a little contradictory with
the traditional dual algorithm in wireless networks, where the
convergence property requires much smaller € (e.g., e = 0.01).
The reason is that we are interested in the time average metric
rather than the instantaneous value. If € is relatively large,
the instantaneous value oscillates around the optimal value.
However, the time average value may still be arbitrary close to



the optimal value. In addition, among the set of parameters e
guaranteeing the convergence to the optimal value, the smaller
€ leads to the slower convergence speed under both interest
metrics. Thus, for the Dual Algorithm, we need to choose € as
large as possible among the set of parameters ¢ guaranteeing
convergence to the optimal value.

In Figure 5a and 5b, we also compare the performance
between the Dual Algorithm and the DRDO Algorithm with
e = 0. We can observe that the Dual Algorithm with proper
parameter € (e.g., € = 5) converges slightly faster than the
DRDO Algorithm under the utility benefit metric. This does not
contradict our result in Section IV that both Dual and DRDO
algorithms are utility benefit optimal and thus their convergence
speed may differ at a constant factor. However, the DRDO
Algorithm converges faster than the Dual Algorithm under rate
deviation metric, which matches our theoretical result that the
DRDO Algorithm is still optimal and the optimality of the Dual
Algorithm is unknown under such metric.

B. Fading scenario

In this subsection, we mainly consider the performance of
variants of the RDO Algorithm over wireless fading channels.
The convergence speed comparison between the RDO Algo-
rithm and a version of the Dual Algorithm (see [3]) under
fading can be found in our technical report [14], where the
observations are quite similar to that under non-fading scenario.

We consider a variant of the RDO Algorithm that does
not require maintaining a virtual queue and performs MWS
directly among data queues, and another variant of the RDO
Algorithm that has independent random arrivals and performs
MWS directly among data queues. Recall that the purpose of
introducing virtual queues in the RDO Algorithm is to show the
boundedness of the average data queue length by avoiding the
difficulty in using Lyapunov Drift argument. From Figure 6a
and 6b, we can observe that for both rate deviation and utility
benefit metrics, the original RDO Algorithm converges faster
than a variant of the RDO Algorithm with independent random
arrivals, but slower than a variant of the RDO Algorithm
without virtual queues. Thus, we suggest to use the arrival
generation component in the RDO Algorithm and perform
MWS among data queues directly in practice.
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and without virtual queue| goo

E - oz Le- RDO Algorithm
[ Tom without virtual queue
% " o t-a- RDO Algorithm
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w
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Time step T w Time step T
(a) Utility benefit convergence (b) Rate deviation convergence

Fig. 6: Performance of RDO Algorithm Variants.

VI. CONCLUSION

In this paper, we considered the convergence speed of joint
flow control and scheduling algorithms in Network Utility
Maximization (NUM) problem in multi-hop wireless networks.
We realized that the discreteness of scheduling constraints and
transmission rates are two of the most important features in
wireless networks. We incorporated these important character-
istics into the analysis and design of algorithms in terms of
their convergence speed by defining two metrics of interest:
rate deviation and utility benefit.

We showed that the convergence speed of any algorithm
cannot be faster than Q (%) for both rate deviation and utility
benefit metrics due to the discrete choices of transmission
rates at each link. This interesting and fundamental finding
reveals that designing faster (e.g., Interior-Point or Newton
based) algorithms for the flow rate control cannot break the
barrier of ) (%) in wireless networks caused by the scheduling
component. Then, we provided an algorithm that can achieve
optimal convergence speed under both rate deviation and utility
benefit metrics. Moreover, we showed that the well-known dual
algorithm also has optimal convergence speed in terms of utility
benefit, which is a somewhat surprising outcome in view of the
first-order nature of its iteration.
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APPENDIX A
PROOF OF LEMMA 1
Note that ’% Zthl 17t]

— b’ < % is equivalent to

T
—cp <Y _I[t] = Tb < cy. (29)
t=1
(i) If I[t 4+ 1] < a;, then we have
T+1 T
DI - (T+1)b< Y T[] —Tb+a;—b
t=1 t=1
<cp+a;—b (30)
< —¢p, 3D
\lz)vhere (30) follows from (29), and (31) follows from ¢, <
(i) IfQIl [t +1] > a;41, then we have
T+1 T
ST = (T+1)b> Y I[t]—Tb+a;1—b
t=1 t=1
> —cp+aiy1—b (32)
> cyp, (33)
\glgegeb(32) follows from (29), and (33) follows from ¢, <

Thus, by combining (31) and (33), we have the desired result.

APPENDIX B
PROOF OF PROPOSITION 1

We first show the following claim:
Claim 1: If fl(e) € (i,i+1), for some i = 0, ...,
there exists a ¢y € (0, min{il( ;71‘ m?

R
integer-valued sequence {7} }x>1 such that

B —1, then,

}) and a positive

a9 ) - =9 >

Cx(e)
X~ VEk 34
T, (34

holds for any sample path of departure rate vector sequence
(D[t} e>1. o
Since all elements in the closure of 7(6) have non-integer-
valued coordinate, by Claim 1, if :C( ) € (i), i) + 1) for
some non-negative integer iy (), then we can take cL ., =
%min{fl(6 — g0, igo + 1 — T 9}, vx©) e ¥, and there
exists a positive integer-valued sequence {Tk}kzl such that

a9 ) - =9 >

C_/
© vk (35)
T ) )

holds for any sample path of departure rate vector sequence.

If ¢ £ inf
() X

points of the set Y(e) has all integer-valued coordinates, which

c ., = 0, then, one of the limiting
X

contradicts our assumption that the closure of set T(E) does not

contain a vector with all integer-valued coordinates. Thus, we

have ¢ > 0 and obtain
¢@[1), X)) = inf

x(€) EX(

[T -9 = S vk, (36)
) Ty

holds for any sample path of departure rate vector sequence
{D©[t]};>1, which implies (9).
Next, we prove Claim 1 to complete the proof. Since

—(e (e =(e) _(e
1@ - %) > @[] -7 vk G
we only need to show
@17 - 7] = E2 vk, (38)
Ty
Indeed, since cxo) < 5 L and :Cl( 2 > 0, we have
1 (e 1 — 2c
T E o\t S ) e @
T, T T, T, T,
which implies
(TTL _Cﬁ(f) m Cﬁ(‘)) (TTL+1_C§(€) TTL+1 Cﬁ(é))_w
O 1 e ¢ R ) =(© R z@ /=%
1 l 1 l 1 1 1 1
for any non-negative integer m. Since
m C(e) m C(e) 2¢_(o
< e e~ N )
Fea-(F-38)- %

each interval (X5 =ol féff ; 45) + *((:))) can at most contain
K
one non-negative integer.

If the interval (75 sk j‘((:)) ; 7(6) + "((6)) ) contains some non-

negatlve integer T for some non negatlve integer m, i.e., |+ T —
| < x( < where T _( ) e € (i,i+1) for some i =0,...,B—1

b . .
L M})’ then, by taking the set

2
. m+l —(5)
}in Lemma 1, we have |55 —7;"| >

and Cso € (0, min{ 2L

Z=N°2{0,1,2,..
cf(ﬁ)
T+1

for any positive integer /, which implies
m +1 _Cgo M +1 " Cee)
—(e)

R R R

T+1¢(

Thus, UZY

integers and thus there exists a sequence of positive integers
{T%}72, such that

J
Ted (5~
Zy

Cxlo) Cx(o) "
_o(ZH 2T T 20 ,7(6) + =g ) does not cover all positive

fl(e) ’ fl(e)

Cer(e o .
+ x(_(é)) ) for any non-negative integer ;.
z

1

For any sample path of departure rate vector sequence

{Dl(e)[ t],t > 1}, ZT’“ D( [t] is an integer and thus we have

T ¢ (2 D0l DM exo Xtk DT )
k = —(e) " —(e) —(e) /7
) £ &) &)

(41

which is equivalent to (38).

) for any positive integer .



